ENRICHED oco-CATEGORIES AS MARKED MODULE CATEGORIES

DAVID REUTTER AND MARKUS ZETTO

ABsTrACT. We prove that an enriched co-category is completely determined by its
enriched presheaf category together with a ‘marking’ by the representable presheaves.
More precisely, for any presentably monoidal co-category V we construct an equivalence
between the category of V-enriched oco-categories and a certain full sub-category of the
category of presentable V-module categories equipped with a functor from an co-groupoid.
This effectively allows us to reduce many aspects of enriched oo-category theory to the
theory of presentable co-categories.

As applications, we use Lurie’s tensor product of presentable co-categories to construct
a tensor product of enriched co-categories with many desirable properties — including
compatibility with colimits and appropriate monoidality of presheaf functors — and
compare it to existing tensor products in the literature. We also re-examine and provide
a model-independent reformulation of the notion of univalence (or Rezk-completeness)
for enriched oco-categories.

Our comparison result relies on a monadicity theorem for presentable module categories
which may be of independent interest.
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1. INTRODUCTION

Enriched oo-category theory is a homotopy coherent analog of the classical theory of
enriched categories. As such, enriched oco-categories naturally occur whenever morphism
spaces carry additional structure, and provide a flexible and powerful tool for an inductive
definition of (weak) m-categories and (oo, n)-categories [Hauld)], and structured variants
thereof.
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There exist several definitions of enriched co-categories [Lurl7l [GH15] [Hin20], all known
to be equivalent by [Mac21l [Hei23]. The goal of this paper is to give a further equivalent
definition axiomatizing enriched oco-categories in terms of their presheaf categories together
with a ‘marking’ by the representable presheaves. A key advantage of this approach is that
it does not rely on intricate combinatorial or operadic constructions and effectively reduces
enriched oo-category theory to the higher algebra of presentable co-categories, arguably
one of the best-developed and most powerful branches of co-category theory. Presentable
oo-categories, defined in [Lur(09] generalizing the classical notion of [GUTI], are co-categories
which admit small colimits and satisfy a certain set-theoretic size constraint. They are
engineered to allow for a simplified adjoint functor theorem and thus provide a setting in
which oco-categories and functors can be easily constructed from universal properties.

Overview. Intuitively speaking, an oco-category € enriched in a monoidal co-category V
consists of

e an oo-groupoid X of objects;

e for any two objects z,2’ € X a morphism object Home (z,2') € V;
e for each z € X an identity morphism id, : 1y — Home (z, z);

e for each triple of objects xg, x1, x2 a composition operation in V:

Home(zg, z1) ® Home (21, x2) — Home(zg, 22) ;

e higher coherence isomorphisms witnessing associativity and unitality of composition.

The definition of enriched co-category of Gepner and Haugseng [GH15, Def. 4.3.1] directly
encodes this data as an algebra over a certain oco-operad. If V is presentably monoidal,
i.e. admits small colimits which are preserved by the tensor product in each variable and
satisfies a certain set theoretic size constraint, we follow an equivalent but technically easier
approach due to Hinich: Namely, for any oo-category C, the co-category Fun(C°P,V) is the
free co-category with colimits and a V-module structure which is compatible with colimits.
In particular, there is an equivalence

Fun(C°P x C,V) ~ Fun(C, Fun(C°P,V)) ~ Endy,(Fun(C°P, V))

with the category of V-linear colimit-preserving endofunctors of Fun(C°P, V). Transporting
the composition of endofunctors along this equivalence defines a monoidal structure on
Fun(C°P x C,V). If C = X is an co-groupoid, the tensor product of A, B € Fun(X°P x X,V)
explicitly unpacks to the following ‘matrix multiplication’:

A® Bz, z) := colim A(x, y) ® By, 2)
yeX

Definition ([Hin20, Prop. 4.5.3]). For V a presentably monoidal oo—categoryﬂ and X an
oo-groupoid, a V-enriched oo-category with co-groupoid of objects X is an algebra object
in Fun(X°P x X,V) ~ Endy(Fun(X°P,V)). We denote the oo-category of V-enriched oo-
categorie with oo-groupoid of objects X by vCatx (V) := Alg(Endy (Fun(X°P, V))).

IThe restriction to presentable monoidal enrichment is technically convenient but does not restrict
the scope of the above definition: for V' a not necessarily presentably monoidal co-category, V-enriched
oo-categories coincide with co-categories enriched in the presentably monoidal presheaf category P(V') for
which all hom-objects lie in the full subcategory V C P(V). We extend several of our results to this setting
in

In the rest of the paper, we refer to them as wvalent enriched categories, to distinguish them from the

univalent enriched categories from



A presheaf on an enriched oco-category with oco-groupoid of objects X is a functor F :
X°P — V together with morphisms Hom(z,y) ® F(y) — F(x) in V, natural in z,y € X, and
higher coherence isomorphisms. In the spirit of the previous definition, this can be made
precise by defining

Py (€C) := LMode(Fun(X°P,V))
using the canonical left action of End}(Fun(X°P,V)) on Fun(X°P, V). The presheaf category
is itself presentable and admits a V-action which is compatible with colimits: It thus defines
an object of the oo-category RMody(Pr) of right V-modules in Pr, the co-category of
presentable categories and colimit-preserving functors. Moreover, it comes equipped with a
canonical Yoneda functor &Y% : X — Py(€) sending an object z to the representable presheaf
Home(—, z) : X°P — V.

Our first main theorem is that any € € vCatx (V) is completely determined by its presheaf
category together with its marking by representable presheaves, proving Conjecture 1.1 of
[Ber20]:

Theorem A (Theorem 5.5l). For X an oco-groupoid and V a presentably monoidal oo-
category, the functor

vCat x (V) — RMody(Pr) x, := Catx; X o= RMody (Pr) e (X = Py(C)

is fully faithful. Its essential image consists of those (X — M) € RMody(Pr)x, for which
the image of X in M consists of V-atomic objectﬂ and generates M under colimits and the
V-action. We refer to such a X — M as a marked V-module.

Allowing arbitrary co-groupoids of objects X, the categories vCat x (V) assemble into a
Cartesian fibration ob : vCat(V) — 8 over the co-category 8 of oo-groupoids, assigning to a
V-enriched oo-category € its underlying oo-groupoid of objects 0bC. On the other hand, the
dependence on X in marked modules may be dropped by replacing (RModvy(Pr))x, by the
oo—categor Arr(€Cat) x g RMody(Pr) of functors from a (large) category to a presentable
V-module.

Theorem B (Proposition 6.14] and [Theorem 6.37)). The assignment € — (0bC — Pv(C))
induces a fully faithful functor
vCat(V) — Arr(@) X gz RMody (Pr)

with essential image the marked V-modules. In fact, this functor is itself a component of a
natural transformation between functors Alg(Pr) — Cat relating change-of-enrichment with
extension of scalars in RMod(Pr).

Theorems[A]and [B]allow us to reduce many definitions and constructions involving enriched
oo-categories to the well-developed toolbox of presentable co-categories. We demonstrate
this by examining two important concepts in enriched co-category theory.

Firstly, the following variants of statements in [GHI15| become essentially automatic when
expressed in terms of marked modules:

Theorem C (Corollary 7.11] [Proposition 7.8 and |[Corollary 7.24). Let V be a presentably
monoidal co-category.

3An object m € M in a presentable V-module category is V-atomic (also called tiny) if the internal hom
Homy(m, —) : M — V preserves colimits and if for all v € V the canonical morphisms Homy(m, —) ® v —
Hom,(m, — ® v) is an isomorphism.

4Here, and below we write Arr(D) := Fun([1], D) for the arrow category of an co-category D.
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(1) A V-enriched co-category C is univalent (or Rezk complete) in the sense of [GH15]
Def. 5.2.2] if and only if the functor &} : 0b€ — Py (€) is a subcategory inclusion, i.e.
induces a fully faithful embedding of co-groupoids 0bC — Py (€)=. We denote the
full sub-oo-category on the univalent enriched oo-categories by Cat(V) C vCat(V).

(2) The full inclusion Cat(V) C vCat(V) of the univalent enriched categories admits a left
adjoint, univalization, which sends € to the enriched co-category associated to the
marked module Im(0bC — Py (C))= — Py (C).

(3) The functor Cat(8) — Cat sending a € € Cat(8) to the full image of 0bC — Pg(C) is
an equivalence.

In particular, it follows from 1) (see[Proposition 7.3)) that the presheaf functor
Py : Cat(V) — RMody(Pr)

is faithful, i.e. induces a monomorphism on mapping spaces: A V-linear colimit-preserving
functor Py(€) — Py(D) arises from a V-enriched functor € — D if and only if 7Py (€)= —
moPv (D)= preserves the subsets of representable presheaves.

Secondly, the marked module perspective allows to use Lurie’s tensor product on Pr to
construct monoidal structures on vCat(V) with desirable properties:

Theorem D (Corollaries and [8.20). Consider the natural transformation
vCat(—) = 8 XrMod_ (v) Arr(RMod_ (Pr)) : Alg(Pr) — Cat

given at V € Alg(Pr) by the functor vCat(V) — 8 Xgrumody(pr) Arr(RMody(Pr)) sending
C € vCat(V) to its underlying co-groupoid of objects 0bC together with the unique V-linear
colimit-preserving extension Fun((obC)°P, V) — Py(C) of its Yoneda functor obC — Py (C).

(1) The functor vCat(—) : (Alg(Pr),®) — (@, x) admits a unique lax symmetric
monoidal structure making this naturil\transformation symmetric monoidal.

(2) The functor Cat(—) : (Alg(Pr),®) — (Cat, x) admits a unique lax symmetric monoidal
structure making the univalization natural transformation vCat(—) = Cat(—) sym-
metric monoidal.

Corollary E (Corollaries |8.10} [8.21| and [10.15{ and [Theorem 8.15|). Let O be an oco-operad
and V a presentably O ® E;-monoidal co-category.

(1) There is a unique O-monoidal structure on vCat(V) making the fully faithful functor
vCat(V) — 8 XRrMody (pr) Arr(RMody (Pr)) O-monoidal.

(2) There is a unique O-monoidal structure on Cat(V) making the univalization functor
vCat(V) — Cat(V) O-monoidal.

These O-monoidal structures are compatible with colimits and agree with the ones constructed
in [GH15, Cor. 4.3.12] and [GHIS, Cor. 5.7.12], respectively.

In particular, if V is a presentably E,, = E,,_; ® E;-monoidal co-category for n > 1, then
vCat(V) and Cat(V) inherit an E,,_;-monoidal structure. The statement that the O-monoidal
structure on vCat(V) and Cat(V) is compatible with colimits is immediate from the above
construction but hard to prove in the model of [GHI5|, see [Hau23|.

It also follows from that Py : vCat(V) — RMody(Pr) is O-monoidal, a
statement that was only very recently proven in [Hei24, Cor. 5.1] while our paper was in
preparation.



A monadicity theorem for presentable categories. By definition, a V-enriched oco-
category € with oo-groupoid of objects X is an algebra in the co-category End%; (Fun(X°P V)
of V-linear colimit-preserving endofunctors of Fun(X°P,V). In other words it is a monad in
the (00, 2)-category RMody (Pr) on the object Fun(X°P,V). The key idea in our proof of
is that the unique V-linear colimit-preserving extension Fun(X°P, V) — Py(C) of
its associated marked module X — Py (@) is the left adjoint in the monadic adjunction (aka
Eilenberg-Moore adjunction) associated to the monad C. is therefore a direct
consequence of the following monadicity theorem in RMody (Pr):

Theorem F (Theorems and [4.12)). Let V be a presentably monoidal co-category and
P € RMody(Pr). Then, the functor

Alg(End¥(?)) — RMody (Pr)yp, A+ (Free : P — LMod4(P))

is fully faithful with essential image given by those I : P — M in RMody (Pr)p, whose right
adjoint F® : M — P is V-linear and colimit-preserving and which furthermore satisfies one
of the following equivalent conditions:

(1) The induced functor LModgrop(P) — M is an equivalence.

(2) The adjunction F' 4 F® is monadic in the sense of Barr-Beck-Lurie [Lur17, Def. 4.7.3.4];

(3) FR is conservative;

(4) The full image of F' generates M under colimits.

Comparison to other models of enriched co-categories. We briefly summarize existing
models for enriched oco-categories and their relation to marked modules:
(1) The operadic definition: Gepner and Haugseng [GH15] define V-enriched oco-categories
with oco-groupoid of objects X as algebras in V over a certain generalized operad
AS. Variants of this are also studied in [Hin20] and [Ste20b] §2], and compared in
[Mac21l, [Hei25l [Hei23| [Hin20]. Using an operadic Day convolution, Heine constructs in
[Hei23] an operad Quiv y (V') with underlying category Fun(X x X, V') so that algebras
over AT in V become identified with E;-algebras in Quivy (V). An equivalent direct
construction of Quivy (V') appears in [Hin20, §4]. A closely related approach in terms
of Segal presheaves is developed in [GH15, §4.5], [Hau23|. A key advantage of these
models is their straight-forward functoriality in the oo-groupoid of objects X and
the enriching category V; on the other hand, working with enriched categories is
technically challenging.
(2) The monadic definition: In [Hin20, Prop. 4.5.3], Hinich shows that for presentably
monoidal co-categories V, the operad Quiv y (V) is equivalent to the monoidal category
End% (Fun(X°P,V)) leading to the definition of enriched co-category from above.
While only relying on very little higher algebra — essentially only on algebras,
monoidal categories and the composition of endofunctors — this definition has the
disadvantage that its functoriality in X and V are much harder to establish, though
see [Hin20l, Prop. 4.5.5], [Heil7, §6].
(3) The lazly tensored definition: In [Lurl7, Def. 4.2.1.28|, Lurie defines a notion of
enriched oo-category which may roughly be thought of as a category equipped with
a lax, or operadic, action by V, and which admits internal homs. In [Hei23| Prop.
6.10], Heine shows that this notion agrees with approach (1).
We add a fourth approach, probably closest in spirit to Lurie’s definition:

(4) The marked module definition: This definition encodes the data of an co-category
enriched in a presentably monoidal category V as a presentably V-module together
with a marking by a collection of atomically generating objects.
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This definition is both evidently functorial in X and V, and at the same time only involves
a minimal amount of operadic coherence work, only involving algebras and modules in
presentable categories. Our main Theorems [A| and [B| compare these with the approaches (1)
and (2), a direct comparison with (3) is also possible.

While approaches (1), (3) work natively for enriching in small monoidal categories, and
more generally operads, approaches (2) and (4) are primarily suited for enrichment in
presentably monoidal V. In we show how one may generalize marked modules for
enrichment in small monoidal categories and prove that this also coincides with the other
available models.

1.1. Plan of the paper. In we recall background material on presentable co-categories
and internal homs. We then define V-enriched co-categories as algebras in Endy, (Fun(X°P,V))
and establish basic properties.

What follows is a short digression §3] developing the theory of presentable module co-
categories by introducing atomic objects, atomically generated oo-categories and internally
left adjoint functors. This prepares us for §5| where we prove an equivalence
between monads on Fun(X°P,V) in RMody(Pr) and the full subcategory of RMody (Pr)x/,
on the marked modules. This uses our monadicity for presentable module
oo-categories developed in § Subsequently §6] explains how to make our definition of
enriched categories functorial in both the underlying oco-groupoid and enrichment category
and comparing it to the one from [GH15| resulting in

Next, §7] develops the theory of univalent enriched oo-categories in terms of marked
modules and establishes various properties, including the ones in In §§ we
define an external tensor product of enriched oco-categories leading to the lax symmetric
monoidal structures on vCat(—) and Cat(—) from and in particular to the
O-monoidal structures on vCat(V) and Cat(V) for presentably O ® E;-monoidal categories V
as in

extends our notion of enrichment to any (not necessarily presentably) monoidal oo-
category V by embedding it into a presentably monoidal co-category. Building on this, §I0]
shows that our tensor products agree with those defined in [GHI5l, [Hau23|, by developing
techniques that allow us to switch between different set-theoretic universes. Finally §A]recalls
and developes some auxiliary statements on the Grothendieck construction and two-sided
fibration, and on operads.

1.2. Notation and conventions. Throughout this paper we freely use language and
statements of co-category theory as developed in [Joy02], [Lur09], [Lurl?] and [Lurl8al.

e We use the terms ‘space’ and ‘oco-groupoid’ interchangeably and write 8§ for their
oo-category.

e By a category or 2-category we always refer to an (oo, 1)-category, (oo, 2)-category;
and by a V-category or V-enriched category, we mean a V-enriched oo-category. All
categorical constructions, like functors, limits and algebra objects, are homotopy
coherent.

e We fix uncountable inaccessible cardinals n < A < 1, and call them the universes of
small, large and very large sets, respectivelyﬂ

e Unless stated otherwise (e.g. by calling them presentable) categories are always small,
and by having or preserving all colimits we refer to small colimits. The large analog

5n (tav or taw) is the last letter in the Hebrew alphabet, used by Cantor to denote the “absolute infinite”.
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of a construction is thell\denoted by a hat — e.g. Cat denotes the large category of
small categories, while Cat denotes the very large category of large categories.

e The mapping space in a category C' is denoted Map, the morphism object in an
enriched category € by Home, and the internal Hom in a module category M by
MM'

e We use C — D to denote a (not necessarily full) subcategory inclusion, i.e. a functor
inducing a monomorphism C'~ < D~ on maximal subspaces, and monomorphisms
Mape(c, ') < Mapp(Fe, Fc') for all ¢,¢’ € C. Equivalently, these are the monomor-
phisms in Cat by [Lurl8al, Tag 04W5].

e Given a functor F' : C — Cat we denote its associated coCartesian fibration by
Jo F'— C, similarly for G : C°P — Cat its associated Cartesian fibration is ca—c.

e We write Arr(C) := Fun([1],C) for the arrow category of a category C, where [1]
is the walking arrow. Given a property P that morphisms of C' can possess, we
write Arrf’(C) C Arr(C) for the respective full subcategory of the arrow category.
Similarly, we write C/r, C C).,C./» C C,, for the respective full subcategories on
arrows satisfying P.

e A category C is called weakly contractible if its geometric realization |C| € 8, i.e. its
localization at all morphisms, is contractible. A functor f : C — D is called right
(left) cofinal if precomposing with it preserves colimits (limits).

e A functor F': C'— D reflects K-shaped colimits if for any cone p : K* — C such that
F opis a colimit cone in D, already p was a colimit cone in C. Further F' creates
K -shaped colimits if it both preserves and reflects them. Similarly for limits.

e We write F': C = D : G or F -G for functors F : C — D and G : D — C such that
F is left adjoint to G.

e By an operad O we usually mean a small symmetric colored co-operad, unless explicitly
stated otherwise. We denote its category of operations, the associated fibration over
the category Fin, of finite pointed sets, by O® — Fin, and its underlying category
(or category of colors), defined as the fiber over (1) € Fin,, by O. We refer to the
morphisms covering the terminal map (n) — (1) in Fin, as the n-ary multimorphisms
or n-ary operations. We write Op for the category of operads, and Opags := Op; ag
for that of non-symmetric operads.

1.3. Acknowledgements. We thank Shay Ben-Moshe, Rune Haugseng and Maxime Ramzi
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2. ENRICHED CATEGORIES

In this section, we first recall background on presentable categories and internal homs,
and then define valent enriched categories as outlined in the introduction. We also define
the enriched presheaf category and Yoneda embedding.

2.1. Recollections on presentable categories. A convenient setting for both classical
and oo-category theory is provided by the notion of a presentable category. A presentable
category is a (large but) locally small category which has all small colimits (i.e. is cocomplete)
and is accessible, i.e. generated under r-filtered colimits by a small set of k-compact objects
for some regular cardinal k; see [Lur09l [§ 5.5.1] for details. The category 8§ of spaces is
presentable [Lur09) [Ex. 5.5.1.8|, and so is the functor category Fun(C,D) for C a small
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category and D a presentable category, which includes the presheaf category P(C) :=
Fun(C°P, 8) of a small category C. A main application of the notion of presentable category
is the adjoint functor theorem [Lur09, Cor. 5.5.2.9]: A functor from a locally small category
to a presentable category preserves small colimits (i.e. is cocontinuous) if and only if it is a
left adjoint.

Notation 2.1. We let Cat®i™ denote the subcategory of the (very large) category Cat of
large categories on those which admit small colimits and small-colimit prese/rzing functors.
We follow [Lur09, Def. 5.5.3.1] and let Pr denote the full subcategory of Cat®™ on the
presentable categories.

For presentable categories C, D, we let FunL((‘Z, D) denote the full subcategory of the
functor category Fun(C, D) on the functors which preserve colimits.

Constructed in [Lurl7, Prop. 4.8.1.15] is a symmetric monoidal structure on Pr, making
the presheaf functor P : Cat — Pr symmetric monoidal for the Cartesian symmetric monoidal
structure on Cat. Its unit is the presentable category 8 of spaces and it is universally
characterized by the property that for presentable categories €1, Co, D € Pr the category
Fun"(C; ® @y, D) is equivalent to the full subcategory of the functor category Fun(€; x
Cz, D) on those functors which preserve colimits separately in both variables. By [Lurl7,
Prop. 4.8.1.17|, the tensor product C; ® Cq is equivalent to the category Fun™ (¢, CoP)°P. In
particular, given a small category C' € Cat and a presentable category D € Pr, there is an
equivalence

P(C) ® D ~ Fun™(P(C), D°P)°P ~ Fun(C, D°P)°P ~ Fun(C°P, D),

where the second equivalence follows from the Yoneda lemma.

A morphism F : ¢ — D in Pr is called a localization if it admits a fully faithful right
adjoint. By [Lur09l Prop. 5.5.4.2] (3) this exhibits D as the accessible localization of €
at a small set S of morphisms. By [Yan22l Prop. 2.13], such localization form the left
class in a factorization system on Pr whose right class are those functors in Pr which are
conservative. In particular, localizations are closed under colimits in the arrow category
Arr(Pr) = Fun([1], Pr).

Lemma 2.2. If F: ¢ — D in Pr is a localization and € € Pr,then EQRF : EQRC - E® D
is also a localization.

Proof. Since localizations and conservative functors form a factorization system on Pr,
the assertion is equivalent to the statement that any conservative left adjoint X — Y
induces a conservative Fun®(&,X) — Fun®(&,Y) which follows since invertibility of a natural
transformation can be checked component-wise. O

2.2. Recollections on presentable module categories. We refer to an algebra object
V € Alg(Pr) as a presentably monoidal category; this unpacks to a monoidal category V
whose underlying category is presentable and so that the tensor product functor V. xV — V
preserves colimits separately in both variables. As the unit in Pr, the category 8 of spaces
inherits a unique presentably symmetric monoidal structure (namely the Cartesian product),
making it an initial object in Alg(Pr), see [Lurl7, [Prop. 3.2.1.8|. For a V € Alg(Pr), we
denote by Free' the unique left adjoint monoidal functor 8 — V, namely the left Kan
extension of 1y : x — V against * — 8. Its right adjoint is given by Mapy(ly,—) : V — 8.
Given a V € Alg(Pr), we refer to a module object M € RModvy(Pr) as a presentable
right V-module category (and analogously for left modules); this unpacks to a right module
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category M over V whose underlying category is presentable and so that the action functor
M x 'V — M preserves colimits separately in both variables.

Notation 2.3. For V € Alg(Pr), we write Pry := RMody(Pr).

Example 2.4. If V € Alg(Pr) and a € Alg(V), it follows from [Lurl, |Cor. 4.2.3.7] that
LMod, (V) € RMody(Pr) with right V-action given by sending a left a-module ,m and an
object v in 'V to the left a-module ;m ® v. We will use this repeatedly throughout.

By the defining universal property, for €, D € Pr there is a functor € x D — € ® D and
similarly for M € RModvy(Pr) and N € LMody (Pr) there is a functor M x N — M ®y N.
We refer to objects in the image of these functors as pure tensors.

Lemma 2.5. Let C,D € Pr. Then, every object of C ® D is a small colimit of pure tensors
as defined above. More generally, if M € RMody (Pr),N € LMody (Pr) then every object of
M ®vy N is a small colimit of pure tensors.

Proof. Write C = P(Co)[S™],D = P(Dy)[T~!] as accessible localizations of presheaf
categories at small sets of morphisms S and T, which is possible by combining [Lur09,
Thm. 5.5.1.1] (5) and [Lur09, Prop. 5.5.4.2] (3). Then by and decompos-
ing F® G = (F ®Idp) o (Ide ®G), we obtain an accessible localization P(Cy x Dy) =
P(Ch) ® P(Dy) — C ® D. Every object in P(Cy x D) is a colimit of objects in Cy X Do,
which are reflected to pure tensors in C® D, so we are finished since localizations are surjective
(as their counit is an isomorphism).

For the relative statement, recall

M@vN::ccAlg}{n(...M(@V@NZ%M®N)

and choose a regular cardinal x such that V € Alg(Pr,), M € RMody(Pr,),N € LMody (Pr,),
where Pr,, denotes the subcategory of Pr on the k-compactly generated categories and functors
preserving x-compact objects with its tensor product from |[Lurl?, Prop. 4.8.1.15|. Then
the full subcategory V* on k-compact objects is a monoidal subcategory of V, and M",
N* are V"-modules. We obtain a monoidal localization functor P(V*) — V and P(V*)-
linear localization functors P(M") — M, P(N*) — N. Combining and that
localizations are closed under colimits, we obtain a localization P(M"” @y N*) — M @y N
where M” ®y+~ N* denotes the relative tensor product with respect to the Cartesian product
on Cat. We are finished after noticing that the map M* x N* — M" @y~ N* is surjective,
so every object of P(M* Qv+ N*) is a small colimit of objects in the image of M* x N*. [

2.3. Recollections on internal homs.

Definition 2.6 ([Lurl7, Def. 4.2.1.28]). Let V' € Alg(Cat) be a monoidal category and
M € LMody (Cat) a left V-module category. An internal hom Hom(m,m’) € V between
objects m,m’ € M is a representing object for the presheaf Map,,(— ® m,m’) : V°P — 8.
A V-module category M is closed if an internal hom exists between any pair of objects
m,m’. A closed monoidal category V is a monoidal category which is closed as a left module
over itself. Analogous definitions apply for right V-module categories. Passing to a larger
universe leads to analogous notions for large categories.

Observation 2.7. A V-module category M is closed if and only if the functor
M°P x M — P(V), m,m’ — Map,,(— ®@m,m’)

factors through the full subcategory V < P(V), establishing functoriality of Hom,(—,—) :
MP x M — V.
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We now collect a few basic observations about internal homs that we will implicitly use
throughout the paper:

Observation 2.8. Mapping out of the monoidal unit 1y of V recovers the underlying
mapping spaces:

Mapy, (1yv,Hom,,(m,n)) ~ Map,;(1y ® m,n) ~ Map,,(m,n).

Observation 2.9. If V' € Alg(Cat) is a monoidal category, F : M — N is a morphism
in LMody (Cat) between closed module categories M and N, and m,m’ € M, then the
universal property of internal homs induces a morphism in V:

Hom,, (m,m') — Hom y (Fm, Fm').

If F admits a right adjoint F'® (which inherits a lax V-linear structure by [LurI7, Cor. 7.3.2.7]),
then the composite

Hom,, (m, F*n) — Hom y (F'm, FF®n) — Hom y (Fm,n)
is an isomorphism.

Observation 2.10. If F': V — W is a monoidal functor and M a left W module, denote
its restriction to a V-module by F*M. Then, if the functor F admits a right adjoint F* and
m,n € M admit an internal hom Hom,,(m,n) € W, it follows from the universal property
that m,n also admit an internal hom Hompg.,,(m,n) € V which is equivalent to

Hom .., (m,n) ~ FR*Hom,,(m,n).

Example 2.11 ([Lurl?, Prop. 4.2.1.33|). If V € Alg(Pr) is a presentably monoidal category,
then it follows from the adjoint functor theorem that V is closed monoidal and similarly that
any presentable module category M € LMody (Pr) is closed.

Observation 2.12. Let V € Alg(Cat) be a monoidal category and M a closed left V-module
category. Then, P(M) is a presentable left P(V)-module category and for m,m’ € M with
associated representable presheaves J(m), & (m') € P(M) it follows immediately from the
definition that

Hoim?(M)(J:(m% J:(m/)) = J:HoimM(m,m/) € T(V) :

Thus, computations of internal homs can always be reduced to [Example 2.

Example 2.13. The category Cat of categories equipped with its Cartesian monoidal
structure is presentably monoidal by |[Lurl?, Lemma 4.8.4.2], in particular closed. The
internal hom between C, D € Cat is the functor category Fun(C, D).

It follows from [Lurl7l, Prop. 4.3.2.5] that if @ € Alg(V) is an algebra in a monoidal category
V € Alg(Cat), then the category RMod, (V) of right a-modules is a left V-module category,
i.e. in LMody (Cat) with action intuitively given by sending v € V' and m, € RMod, (V) to
the module v ® m, € RMod, (V). In particular, the forgetful functor RMod, (V) — V is a
left V-module functor, i.e. a morphism in LMody (Cat).

Example 2.14. If V € Alg(Cat) is a monoidal category, then the (large) left Cat-module
category RMody (Cat) is in LModeq: (Pr) by [Lurl7, Prop. 4.8.3.22] and [Lurl7, Cor. 4.2.3.7],
and hence is a closed Cat-module category. We denote the internal hom between M, N €
RMody (Cat) by Funy (M, N) € Cat and refer to it as the category of V-linear functors.

Applying [Observation 2.9|to the forgetful functor RMody (Cat) — Cat provides a forgetful
functor Funy (M, N) — Fun(M, N) which we will use implicitly throughout.
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Observation 2.15. By the Grothendieck construction, a monoidal category is equivalently
a coCartesian fibration V® — Ass® of operads, and a pair (V, M) of a monoidal category V/
and a right V-module category M is a coCartesian fibration M® — RM® of operads. In these
terms, RMody (Cat) is equivalent to the category Op jcocar gy XOp coCart auw® {V®} and
Funy (M, N) is equivalent to the category of V-linear functors from [LurI7, Definition 4.6.2.7],
i.e. the full subcategory of Fun,gye(M®, N®) XFun, o (VO,VE) {id} on those functors
M® — N® that preserve coCartesian morphisms. If we equivalently regard M, N as locally
coCartesian fibrations M® N® — V® as in [Lurl7, Notation 4.2.2.17|, then by [Luri7,
Lemma 4.8.4.12] Funy (M, N) is also equivalent to the full subcategory of Fun e (M®, N®)
on the functors preserving locally coCartesian morphisms, cf. [LMGR'24, Lemma 4.1.6]
and [Hei23, Rem. 3.68, Prop. 3.89|. In the following, we will use all these perspectives on
Funy (M, N) interchangeably.

Remark 2.16. If V is E;-monoidal, then the relative tensor product over V' makes the
category RMody (Cat) presentably monoidal by [Lurl7, Cor. 4.8.5.20] and hence closed
monoidal. In this case, the category Funy (M, N) inherits a V-module structure making it
the internal hom in RMody (Cat).

For V € Alg(Pr) a presentably monoidal category and M, N € Pry := RMody (Pr), we let
Fun’ (M, N) denote the full subcategory of Funy (M, N) on those V-linear functors whose
underlying functor M — N is colimit-preserving.

Proposition 2.17 (cf. [LMGR™24, Lemma 4.1.6]). Let V € Alg(Pr) be a presentably
monoidal category and M, N € Pry. Then, Fun%;(M,N) is presentable and defines an
internal hom between M and N for the left Pr-module structure on Pry := RMody(Pr)
induced by the tensor product of presentable categories.

Proof. By [Lurl7, Prop. 4.3.2.5], RMody(Pr) is a left Pr-module category. We now show
that Funk(—, —) defines an internal hom. By definition, Fun (M, N) is a full subcategory
of Funy(M,N) € Cat which is an internal hom between M and N for the Cat-module
structure on RModv(@) induced by the cartesian product (see . By [Lurl?,
Rem. 4.8.4.14|, the full inclusion Funy(M,N) — Funy(M,N) is closed under colimits.
Let Cat°i™ denote the category of large categories with colimits and colimit-preserving
functors and note that Pr C Cat™lim is a full symmetric monoidal subcategory [Lurl7l
Prop. 4.8.1.15|. Unwinding definitions, it follows that for P € @C‘)hm, the full subspace
Map®i™ (P, Fun® (M, N)) € Map(P, Fun’ (M, N)) on the colimit-preserving functors is the
full subspace of Mapy,, dy (Cat (P x M, N) on those functors which preserve colimits separately

Cat)
in both variables and thus we have produced an equivalence

Map®!i™ (P, Fun’ (M, N)) ~ Mapp\rod, (@ateotimy (P @M,N).

Thus, Fun’ (M, N) is an internal hom between M and N for the left Catelim_action on
RMody (@C(’“m). We are thus finished if we show that Funy,(M,N) is presentable. Indeed,
it follows from the above equivalence that for € € Pr, there is an equivalence Fun’ (C®V, N) ~
Fun®™(€,N). But we can resolve any M in RMody(Pr) by a bar construction of free modules,
meaning that Funi (M, N) is a limit in Cateolim of categories of the form Funy (M@ Ve™ N) ~
Fun™(M ® V&7~1 N), which are all presentable by [Lur09, Prop. 5.5.3.8]. Since the full
inclusion Pr C Catli™ is closed under limits (since for both the further subcategory inclusion
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into Cat is closed under limits, see [Lur09, Prop. 5.5.3.13| and [Lur(9, |Cor. 5.3.6.10]), we
deduce that Fun'; (M, N) is presentable. O

Remark 2.18. Since Pry is a closed Pr-module category, we could regard it as a Pr-enriched
category (in particular a 2-category) Pry with Hom-categories given by Fun;(M,N) using
the correspondence between tensoring and enrichment from [Hei23, Prop. 6.10 (5)]. While
we will not formally use this perspective, it will be useful to keep in mind since we will
effectively work with adjunctions and monadic 1-morphisms internal to this 2-category.

Proposition 2.19. Let Q,V € Alg(Pr) and P € ¢Bimody(Pr). The functor —®q P : Prg —
Pry admits a right adjoint Fun{“; (P, —) : Pry — Prg, whose composition with the forgetful

functor Prg — Pr agrees with the internal hom functor from In particular,
for £ € RModg(Pr) and M € RMody (Pr) the evaluation Funy (P, M) ®g P — M induces

an equivalence

Funy (£ ®9 P, M) ~ Fung (£, Funy (P, M)) .

Proof. Note that — ®¢g P is Pr-linear, and Fun%; and Funlé are the respective internal homs
by so the second assertion follows from the first and Note
that — ®q P : RModg (Cat®°i™) — RMody (Cate!™) preserves large colimits, and since both
sides are presentable after passing to a larger universe it admits a right adjoint R. Moreover,
using the appropriate internal homs and the underlying object of R(M)
can be recovered as Fun™(Q, RM) ~ Funy(Q ®q P, M) ~ Fun’(P,M). In particular the
result is presentable by [Proposition 2.17] and thereby factors through Prg. O

We end this section with a recollection of induced algebraic structures on internal ends
and homs, and their functoriality:

Reminder 2.20. Let V € Alg(Cat) be a monoidal category, M € LMody (Cat) a left
V-module category and m € M. If the internal end End,,(m) := Hom,,(m,m) € V exists,
then by [Lurl?, Cor. 4.7.1.40] the ‘composition morphism’

End,,(m) ® Endy,(m) — End,,(m)

(adjunct to the composition of evaluations End,,(m)®End,,(m)®m — End,,;(m)®@m — m)
is the multiplication of an algebra structure on End,,(m). Indeed, equipped with this algebra
structure, End;,(m) is the terminal object of LMod(M) x s {m}, i.e. the universal algebra
in V with a left action on m. In particular, for any algebra morphism a — End,;,(m) in V'
the associated morphism a ® m — m in M enhances to a left a-module structure on m and
this construction assembles into an equivalence

Alg(V) /End,, (m) = LMod(M) x s {m}
compatible with the respective projections to Alg(V).

Example 2.21. For V € Alg(Cat), a € Alg(V) we write a, € RMod, (V) for a considered
as a free right a-module over itself. The a-bimodule structure on a induces a left a-module
structure on a, € RMod, (V). Then, it follows from the defining universal properties
that the algebra morphism a — Endgyjeq, (v)(aa) in V' induced by the universal property

of [Reminder 2.20]is an isomorphism.

Observation 2.22. Let V € Alg(Cat) a monoidal category and F : M — N a morphism in
LMod¢(Cat). For m € M, C-linearity of F implies that the defining End,,(m)-action on


http://www.math.ias.edu/~lurie/papers/HTT.pdf#theorem.5.5.3.13
http://www.math.ias.edu/~lurie/papers/HTT.pdf#theorem.5.3.6.10
http://www.math.ias.edu/~lurie/papers/HA.pdf#theorem.4.7.1.40

m € M induces a End;;(m)-action on F'm in N. Thus, by the defining universal property,
there is an induced algebra homomorphism in C'

End,,;(m) — End y(Fm)
whose underlying morphism agrees with the one from [Observation 2.9

Observation 2.23. Let V € Alg(Cat) be a monoidal category, a € Alg(V'), and consider
RMod, (V) with its induced left V-action. Then, by [Reminder 2.20| any z € RMod, (V)
carries a universal left Endgyoq, (1) (2)-action and hence enhances to an object in

(RMod,(V)) =g

LdRModa(V)(x

LModg,g yBimod, (V),

ZIERModg (v)(i)

ie. to a Endpyjeq, (v)(z)-a bimodule in V.

Intuitively, for a closed module category M over a monoidal category, composition
defines an End,,(m’)-End,,;(m)-bimodule structure on the internal hom Hom,,(m,m’).
The following makes this precise:

Proposition 2.24. Let V € Alg(Cat) a monoidal category, M € LMody (Cat) a closed
module category and m,m’ € M. Then, the morphism

End,,(m’) ® Hom,,(m, m’) ® End,,;(m) — Hom,,(m,m’)

adjunct to the composition of evaluation maps End,, (m’)®@Hom,,(m, m')®End,,(m)®@m —
End,,(m’)®@Hom,,(m,m')®m — End,,(m')®m’ — m’ enhances to a End,,(m’)-End,, (m)-
bimodule structure on Hom(m, m') for the algebra structures on End,,(m’) and End,,(m)

from [Reminder 2.20

Proof. By [Observation 2.12] we may assume that V € Alg(Pr) and M € LMody(Pr).
Consider the functors

VRO N odgaa, oy (V) =™ RModaa, ) (LModgaa,, o) (V)
. —®End 7 (m) ™M
~ MM(m/)Blmode(m) (V) —M> LMOdEndM(m’)(M)

where the former two are free module functors and the latter is as in [Lurl7l Ex. 4.4.2.12]
using that m is a (universal) left End,,(m)-module. The composite is equivalent to the

functor

—®m End m)®—

Vv =28 v P M odpa (o) (V).

All these functors are cocontinuous by [Lurl7l, Cor. 4.4.2.16] and all categories presentable
by [Lurl7, Cor. 4.3.3.10|, hence all functors admit a right adjoint by the adjoint functor
theorem. In particular, since the right adjoints of free module functors are forgetful func-
tors [Lurl7, Cor. 4.3.3.13, it follows that the right adjoint of gnq,, (m/) Bimodgng,, (m)(V) —
LModgnd(m) (M) defines a functor R : LModgud,, (m/)(M) — End,, (m’)Bimodgng,, (m) (V)
whose composite with the forgetful functor to V is given by the composite

forget Hom ,, (m,—)
) g M

LMOdEndM (m") (M M V.

In particular, applied to the defining module m’ € LModgyq,, (m’)(M), this defines a bimodule
R(m') € gnd,, (m")Bimodgad,, (m)(V) whose underlying object in 'V is given by Hom ,(m,m’).
Unwinding this proof, the left and right action of End,,(m) and End,,(m’) on Hom,,(m, m’)
are as claimed. O
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2.4. Enriched categories. In this section, we recall a definition of enriched oco-category
from [Hin20]. By [Hin20, Prop. 4.5.3],[Mac21] this definition agrees with the definition in
[GH15].

For a presentably monoidal category V € Alg(Pr), we will define a V-enriched oo-category
as a pair of a space X (of objects) together with an algebra in the category Fun(X x X, V)
equipped with a certain ‘matrix multiplication’ monoidal structure. We first construct this
monoidal structure.

If C € Cat is a small category and V € Alg(Pr) is a presentably monoidal category, then
P(C) ® V may be thought of as the free presentable V-module category on C, as follows:

Lemma 2.25. Let C € Cat and V € Alg(Pr) with unit § — V. Then, precomposing with
the composite functor

CoPCO)=PC)8—=PC)®V
induces an equivalence
Fun’ (P(C) ® V, M) ~ Fun(C, M)

Proof. This follows immediately from the universal properties of P(X) ® V as the free right
V-module on P(X), and of the presheaf category. a

Given a functor A : C — M, the corresponding functor Fun(C°P,V) ~ P(C) @V —
M is by definition the unique colimit-preserving V-module functor extending A. The

following gives an explicit formula for this functor using the oco-categorical coenaﬁ, developed
in [Glal6, [GHN1T7, [Hau22].

Lemma 2.26. Let C € Cat, V € Alg(Pr) and M € Pry. The equivalence
Fun’ (Fun(C°P, V), M) ~ Fun(C, M)

from [Lemma 2.25| combined with the equivalence P(C) ® V' =~ Fun(C°P, V') sends a functor
A € Fun(C, M) to the functor A € Funy,(Fun(C°P,V), M) explicitly given by

ceC
Fun(C°?,V) > F — 95 A(c) ® F(c) e M.

If C = X € 8§ is a space, this formula reduces to a colimit over X:

Fun(X,V) > F — coli)r(n A(r) ® F(z) € M.
BAS

Proof. Since colimits in functor categories are computed pointwise and since colimits commute
with colimits and tensoring, the functor in the first expression preserves colimits. As a
composite of right V-module functors it itself has the structure of a right V-module functor.
Thus, it defines an object of Fun’; (Fun(C°P, V), M). Unwinding the equivalence
Fun® (Fun(C°P, V), M) — Fun(C, M) is given by precomposing with C' — P(C) ~ P(C)®8 —
P(C) ®V ~ Fun(C°P, V), i.e. given by ¢ — 1y ® Maps(—,¢) € Fun(C°P,V). Thus, under
this equivalence the functor in our claim is sent to gS“eC A(c) ® Mapg(—, ¢) which coincides

by the coYoneda lemma [Hau22, Rem. 4.2] with A. If X is a space, the coend reduces to an
ordinary colimit since Tw(X) ~ X by [Lurl8al |Tags 048H| and 048L)|. O

6The coend of a functor F : C x C°P — D, denoted gﬁcec F(c,c) € D, is the colimit of the composite
Tw"(C) — C x C°P — D. Here, Tw"(C) — C x C°P = (C°P x C)°P denotes the twisted arrow category of
C, i.e. the right fibration corresponding to the functor Maps(—, —) : C°P x C' — 8.
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Corollary 2.27. For C, D € Cat and V € Alg(Pr), there is an equivalence of categories
Fun’ (P(C) @ V, P(D) @ V) ~ Fun(C, P(D) ® V) ~ Fun(C, Fun(D°P, V))
~ Fun(C x D°? V) ~ Fun(D° x C,V).

Proof. Combine [Lemma 2.25| with the equivalence P(D) ® V ~ Fun(D°P, V). O

Remark 2.28. A V-valued profunctor (or V-bimodule) between categories C' and D is
by definition a functor D°? x C' — V. Thus, is an oo-categorical version
of the classical correspondence between profunctors and cocontinuous module functors.
In we will generalize these to V-enriched profunctors, allowing for C, D to be
V-enriched categories and D°P x C' — 'V to be a V-enriched functor.

Under the correspondence from the composition of cocontinuous V-module
functors turns into a ‘matrix multiplication’ of profunctors:

Corollary 2.29. For V € Alg(Pr), A : E°®* x D — V and B : D°° x C — V with
image under the equivalence from |Corollary 2.27 denoted A : P(D) ® V — P(E) ® V and

B:P(C)®V — P(D)®V, the composition A o B corresponds under [Corollary 2.27] to the
functor E°P x C' — V given by

deD
(e,c) — ¢ Ale,d) ® B(d,c).

If D = X is a space, this becomes an ordinary colimit over X:

(e,c) — cc?é%n Ale,d) @ B(d, c).

Proof. Immediate from O
Definition 2.30. For C € Cat and V € Alg(Pr), we define the quiver monoidal category

End3 (Fun(C°P, V)) ~ End}(P(C) ® V) ~ Fun(C°? x C,V) € Alg(Pr)

which by [Proposition 2.17] is the internal end of Fun(C°?,V) ~ P(C) ® V € Pry and
thus by [Reminder 2.20| an algebra in Pr with monoidal structure given by composition of
endo-functors.

Remark 2.31. Under the equivalence
Endy(P(C) ® V) ~ Fun(C°P x C,V) ~ P(C x C°?) @ V ~ End"(P(C)) ® V

the composition monoidal structure from agrees with the induced monoidal
structure as a product of algebras End"“(P(C)) and V in Alg(Pr) by [BMS24, Prop. 3.10].

Observation 2.32. For C € Cat and V € Alg(Pr), [Corollary 2.29 yields an explicit formula
for the monoidal structure on End%(P(€) ® V) ~ Fun(C°? x C,V), agreeing with the
anticipated ‘matrix multiplication’ from Indeed, for A, B € Fun(C°P x C,V) we have

deC
(A® B)(c,c) == 315 Ale,d) ® B(d, ).
In particular, if C' = X € § is a space this simplifies to
(A® B)(z,2') = colim A(z,y)  Bly,2').
y



Definition 2.33 ([Hin20, Prop. 4.5.3]). Let V € Alg(Pr) and X € 8. The category of wlenﬂ
V-enriched categories with space of objects X is the category

vCatx (V) := Alg(Endy(P(X) @ V) ,
where End}(P(X) ® V) comes equipped with the composition monoidal structure from
Definition 2.30} The graph of a valent V-enriched category C € vCatx (V) is its underlying
object in Fun(X x X,V) ~ End%(P(X) @ V).
Proposition 2.34. For X € 8,V € Alg(Pr), the category vCatx (V) of valent V-enriched
categories is presentable.

Proof. Since Ends(P(X)® V) is presentably monoidal, this immediately follows from [Lurl7,
Cor. 3.2.3.5). 0

Example 2.35. If X =  is the point, End% (P(x)®V) = Fun(x x %, V) = V, and its monoidal

structure agrees with the original one on V by [Example 2.21} Hence, vCat, (V) ~ Alg(V);
valent V-categories with space of objects * are equivalently algebras in V; vCat, (V) ~ Alg(V).

2.5. Change of enrichment. Given a morphism f:V — W in Alg(Pr), we now construct
an induced adjunction vCatx (V) = vCatx (W) which sends an enriched category € to the
enriched category fiC with same space of objects and

Homye(z,2') = f(Home(z,2')) € W.
In we will make this fully functorial and compare it with the literature.

Construction 2.36. For X € § and f : V — W a morphism in Alg(Pr), the extension-
of-scalars functor — ®y W : Pry — Pry is a left Pr-module functor and hence induces by
[Observation 2.22| a morphism in Alg(Pr), i.e. a colimit-preserving monoidal functor

fi s End%(P(X) @ V) — Endy (P(X) @ W).
Unwinding this construction, on underlying categories of graphs
Fun(X x X,V) = Fun(X x X,'W)

this functor acts by postcomposition with f. Hence, it admits an (automatically laxly
monoidal) right adjoint f® given by postcomposition with fR. We therefore obtain an
adjunction of change-of-enrichment functors between the respective categories of algebras

fi : vCatx (V) = Alg(Endy(P(X) @ V)) = Alg(Endy, (P(X) @ W)) = vCatx (W) : f& .

Proposition 2.37. Let X € Sand f: V — Win Alg(Pr). Then, if f is fully faithful, so is the
induced functor f : vCatx (V) — vCatx (W). Its image is the full subcategory of vCatx (W)
on those W-categories whose graph X x X — W factors through V C ‘'W. Similarly, if the right
adjoint fR is fully faithful, then so is the induced right adjoint ff : vCatx (W) — vCatx (V)
and its image is given by those V-categories whose underlying graph X x X — 'V factors
through fR: W < V.

Proof. If f is fully faithful, the unit of f 4 f® is an isomorphism. Since the adjunction
Fun(X x X,V) 2 Fun(X x X, W) is given by postcomposition, it follows that the unit of
that adjunction is also invertible. By conservativity of the forgetful functor vCatx (V) =
Alg(Endy(P(X) ®V)) = End}(P(X) @ V) ~ Fun(X x X,V), it follows that the unit of the

"The term ‘valent’ is used for distinction with the ‘univalent’ or ‘Rezk complete’ V-enriched categories
from In a valent V-enriched category, the space of objects may not coincide with the maximal
subgroupoid of the underlying category.
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adjunction vCatx (V) = vCatx (W) is an isomorphism, and hence that the left adjoint is
fully faithful. The proof for the right adjoint is analogous. O

2.6. Enriched presheaves and the Yoneda embedding. By|Definition 2.33] a V-enriched
category C with space of objects X is an algebra object in the presentably monoidal category
End}(P(X)®V). Since this is the endomorphism algebra of the object P(X)® V € Pry and

hence acts on it (universally) from the left, we may consider the category of left C-modules
inP(X)®V:

Definition 2.38. For X € 8,V € Alg(Pr) and € € v€aty := Alg(End%(P(X) @ V)), we
define its enriched presheaf category as

Py(€) := LMode(P(X) @ V).
We define the enriched Yoneda embedding of € to be the composite

%X S px) Y px) @V TS LMode (P(X) @ V) = Py (C),

where & denotes the ordinary Yoneda embedding of X and Free the free C-module functor.
An object of Py (@) is called representable if it is in the image of J:\é. For z € X, we define
the evaluation functor ev, : Py(C) — V as the composite

Py(C) := LMode(P(X) ® V) "5 P(X) ® € ~ Fun(X°?,V) %5 V.

Observation 2.39. By definition, an enriched presheaf of a V-enriched category € with space
of objects X is therefore an object of LMode (P(X)®V) ~ LMode (Fun(X°P,V)), i.e. a functor

F : X°P — V together with a left action of the algebra object Home € Fun(X°Px X, V) via the
universal action of Fun(X°Px X, V) = End% (Fun(X°P, V)) on Fun(X°P, V). By|Corollary 2.29
this amounts to morphisms in V

Home(z,2") ® F(z') — F(x)
natural in x,z’ € X which are coherently compatible with the composition in C.

In these terms, for an x € X the evaluation functor ev, : Py(€) — V sends F to F(x)
and the representable presheaf J:Y2 (z) unpacks to the functor Home(—, z) : X°P — V.

Remark 2.40. Given enriched categories € € vCatx (V), D € vCaty (V), by [Proposition 2.24
the internal hom Fun’(P(X) ® V,P(Y) ® V) ~ Fun(X x Y°P,V) in Pry enhances to an

End3(P(Y) ® V)-End} (P(X) ® V)-bimodule. We refer to objects of P € ¢ Bimode (Fun(X x
Y°P. V) as enriched profunctors from € to D, since by [Corollary 2.29| such a bimodule
structure amounts to morphisms

Homyp (y,y") @ P(y',2') ® Home(2', 2) = P(y, )

natural in z,z’ € X,y,y’ € Y which are coherently compatible with the composition in C, D.
Compare with the classical (c.f. [Bén73|) notion of enriched profunctors as enriched functors
CDP —V.

Proposition 2.41. For X € §,V € Alg(Pr) and C € v(‘?at;, the enriched presheaf category
Py (C) is a presentable right V-module category, i.e. an object of Pry := RMody (Pr). More-
over, the functor X% : X — Py(€) extends Via (uniquely) to the cocontinuous
V-module functor Free : P(X) @ V — LMode(P(X) @ V) =: Py(C).

Proof. [Observation 2.23) enhances P(X) ®V € Pry to an object ofgqr (p(x)ev)Bimody (Pr),
which is equivalent to LModgy,qt, (p(x)gv) (Prv) by [Lurl7, Thm. 4.3.2.7]. Thus, the category
Py (€) := LMode (P(X)®YV) retains a right V-module structure, which by [Lurl7, Cor. 4.2.3.7]
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is a presentable module category. Moreover, Free : P(X) ® V — LMode(P(X) ® V) is a
V-linear left adjoint and hence a morphism in Pry. Thus, by it is the unique
extension of its restriction to X which is X%. O

With this definition, one may easily prove the following enriched variant of the Yoneda
lemma:

Proposition 2.42. For V € Alg(Pr), X € §,C € vCatx(V) and = € X, the functor
evy : Py(C) — V is right adjoint to the functor &% (z) ® — : V — Py(€) and is thus
equivalent to Homg ey (X (2), —).

Proof. By definition, the left adjoint of ev, is the functor

v 5 EY px) @V I LMode(P(X) @ V) =: Py(€) .
Since Free is a V-module functor, this agrees with Free( & ,) ® — =: k% (z) ® —. O

Observation 2.43. It immediately follows from |[Proposition 2.42| that for x € X and
F € Py(€) we have

HomTv(@)(J:\é(x),F) ~ev,(F)eV.
In particular, it follows from the unpacking in [Observation 2.39| that for xz, 2’ € X
Hom?V(e)(J:\é(x), X% (") ~ Home(z,2') € V.
Our main may be understood as a vast generalization of [Observation 2.43]

showing that the full structure of the enriched category V can be recovered from its enriched
presheaf category Py (€) together with its Yoneda embedding &% : X — Py(C).

Warning 2.44. Generally, the functor J:\é : X — Py(C) is not a subcategory inclusion. In
particular, two representable presheaves X} (z) ~ k% (y) can be isomorphic in Py (€) even
though z and y do not lie in the same connected component of X. Enriched categories for
which X — Py (C€) is a subcategory inclusion, i.e. exhibit X as the maximal subgroupoid of
the full image of X in Py (C), are called univalent (or ‘complete’ in the terminology of [GH15])
and will be discussed in {7

3. ATOMIC OBJECTS AND ATOMICALLY GENERATED CATEGORIES

Our main theorem expresses the data of a V-enriched category € in terms of its presheaf
category Py (C). In this section, we study the properties satisfied by such presheaf categories.
Many of the following statements, as well as their proofs, are direct analogs of similar
results for presentable categories; and variants of many of them can e.g. be found in [BM24],
[Ram24], [BMS24].

3.1. Generating subcategories and colimit-dominant functors. Recall the following
terminology, which we will use throughout this paper:

Definition 3.1. For C € Pr, we say that a full subcategory Cy C C generates C under
colimits if C is the smallest full subcategory of € which contains Cy and is closed under small
colimits. For V € Alg(Pr) and M € Pry, we say that a full subcategory Mg C M generates
M under colimits and tensoring if M is the smallest full subcategory of M which contains
My and is closed under small colimits and tensoring with objects of V.

It will follow from that a full subcategory My C M generates M under
colimits and tensoring if and only if the functors {Homy(mo, —) : M — V} e, are jointly
conservative.
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Notation 3.2. We let Im(F : C' — D) denote the full image of a functor F : C' — D in Cat.

Definition 3.3. The closed image CIm(F) C M of a morphism F : N — M in Pr is the
smallest full subcategory of M which contains the full image of F' and is closed under colimits.

If clear from context, we sometimes also write CIm(N — M) or just CIm(N).

Lemma 3.4. The closed image CIm(F') of a morphism F : N — M in Pr is presentable and
the inclusion CIm(F') C M is closed under colimits, i.e. defines a morphism in Pr.

Proof. By definition, CIm(F') is closed under colimits in M. We show that CIm(F) is
k-compactly generated for a regular cardinal k. Indeed, let k be a regular cardinal such that
N is k-compactly generated and F preserves k-compact objects. Since F' preserves colimits,
the image F'(N*) of the full subcategory N* C N on the x-compacts generates CIm(F') under
colimits. But by assumption on x the objects in F'(M*) are k-compact in M and hence also
in CIm(F). O
Warning 3.5. The full image Im(F") is generally not closed under arbitrary colimits. Consider
for example the unique functor § — Ab in Pr sending the point to Z, but which does not
contain Zy = coker(Z 3 Z) in its image.

However, Im(F') C M is always closed under coproducts, since by surjectivity of N — Im(F)

for any set X any diagram X — Im(F') can be lifted to a diagram X — N and its colimit
can be computed there.

Definition 3.6. A morphism F' : N — M in Pr is called colimit-dominant if CIm(F) = M,
i.e. if its full image generates M under colimits. A morphism in Pry is called colimit-dominant
if its underlying morphism in Pr is.

Proposition 3.7 ([Yan22, Prop. 2.9]). A morphism F : N — M in Pr is colimit-dominant
if and only if its right adjoint F® is conservative.

Corollary 3.8. The composition of colimit-dominant functors in Pr is colimit-dominant.
Moreover, if F': N = M and G : M — £ are morphisms in Pr and G o F' is colimit-dominant,
then G is colimit-dominant.

Proof. This follows from the respective properties of conservative functors. |

Lemma 3.9. Let F': N — M in Pr be colimit-dominant and £ € Pr. Then, FQL : N L —
M ® L is colimit-dominant.

Proof. In [Yan22| Cor. 2.10] it is shown that colimit-dominant functors are the left class of a
factorization system (in the sense of [Lur09, § 5.2.8|) on Pr with right class the fully faithful

left adjoints. (In|Proposition 3.16|below, we lift this to a factorization system on Pry.) Since

Pr is closed monoidal, the statement of the lemma is thus equivalent to the assertion that for
every fully faithful left adjoint G : @ — D the induced morphism Fun"(£, @) — Fun®™(£, D)
is fully faithful which is clear as both categories are full subcategories of functor categories
and post-composition with fully faithful functors remains fully faithful. O

We now extend these notions to Pry for a V € Alg(Pr).

Lemma 3.10. Let M € Pry and My € M be a full subcategory which is closed under
V-tensoring. If MO is the smallest full subcategory of M that is closed under colimits and
contains Mg, then MO is also closed under V-tensoring. In particular, M, generates M under
colimits and tensoring if and only if it generates M under colimits.
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Proof. Let M denote the full subcategory of M, on those m such that m®@wv € M, for all
v € V. This contains Mgy and is closed under colimits, hence is all of M. O

Proposition 3.11. Let F : N — M be a morphism in Pry. Then, CIm(F) C M is the
smallest full subcategory of M which contains the image of F' and is closed under colimits
and tensoring. In particular, there is a factorization N — CIm(F) — M in Pry.

Proof. Immediate from since the full image of F is closed under tensoring. [

it follows from [Proposition 3.11| that CIm(F') is also closed under tensoring, justifying

for morphisms in Pry.

Corollary 3.12. Let € € Cat be a small category, M € Pry and F' : ¢ — M a functor
with induced morphism P(C) ® V — M in Pry. Then, CIm(P(€) ® V — M) is the smallest
full subcategory of M which contains the image F(C) and is closed under colimits and
V-tensoring.

Proof. Note that CIm(P(€) ® V — M) C M contains the image F(C) and is closed under
colimits and V-tensoring. Conversely, if M is a full subcategory of M which is closed under

colimits and V-tensoring and contains the image of F', then M < M is a morphism in Pry
and P(C) ® V — M factors through M. Hence, CIm(P(€) @ M — V) C M. O

Corollary 3.13. Let C € Cat be a small category, M € Pry and F : € — M a functor.
Then, the following are equivalent:

(1) The full image F(C) C M generates M under colimits and tensoring;

(2) The induced functor P(€) ® V — M in Pry is colimit-dominant;

(3) The functor Hom,(F—, —) : M — Fun(€°P, V) is conservative;

(4) The family of functors {Hom,(F(c),—) : M — V}.ce is jointly conservative.

Proof. The equivalence between (1) and (2) follows directly from [Corollary 3.12] Applying

Proposition 3.7 this is equivalent to the assertion that the right adjoint M — P(C) ® V ~
Fun(€°P,V) is conservative, i.e. to (3). Statement (3) is evidently equivalent to (4). O

Observation 3.14. It follows from that a small set J of objects of M generates
M under colimits and V-tensoring if and only if the functors {Homy(x, —) : M — V},cg are
jointly conservative.

Corollary 3.15. The following conditions on a morphism F' : N — M in Pry are equivalent:

(1) The full image F(N) C M generates M under colimits and tensoring.
(2) The full image F(N) generates M under colimits, i.e. F' is colimit-dominant.
(3) The right adjoint F® : M — N is conservative.

Proof. The first two conditions are equivalent by [Proposition 3.11] the third and the second
are equivalent by O

In fact, the factorization of [Proposition 3.11| gives rise to a factorization system as
defined in [Lur09, § 5.2.8] in Prvy, generalizing the corresponding factorization system in Pr
from [Yan22l Cor. 2.10].

Proposition 3.16. The classes of fully faithful functors and colimit-dominant functors form
a factorization system in Pry. The factorization of a morphism F' : N — M in Pry is given
by N — CIm(F) — M .
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Proof. By |Proposition 3.11] any morphism in Pry factors through its closed image into a
fully faithful functor followed by a colimit-dominant functor. It thus suffices to show that
the classes of fully faithful and colimit-dominant functors are orthogonal and closed under
retracts. We will therefore show that any diagram in Pry

N — N

T
-
-
-
-
-

M M

where the left vertical map is colimit-dominant and the right is fully faithful has a contractible
space of dashed lifts. Since N’ — M’ is fully faithful and hence in particular a monomorphism
in Cat and thus Pry the space of lifts is either empty or contractible, i.e. it suffices to show that
M — M factors through the full subcategory N’ C M’. Let M denote the full subcategory
of M on those objects whose image under M — M’ lands in the full subcategory N C M.
Since all morphisms are in Pry, the full subcategory M is closed under colimits and tensoring.
Moreover, by commutativity of the diagram, the full image of N — M is contained in M.
Thus, M = CIm(N — M) € M and hence M = M and therefore M — M’ factors through
N,

Given a section-retraction pair r o s = id in Pry, then r is surjective on objects and
in particular colimit-dominant. It then follows from that colimit-dominant
functors are closed under retracts in the arrow category of Pry. That fully faithful functors
are closed under retracts follows by passing to mapping spaces and noting that isomorphisms
are closed under retracts in 8. |

Observation 3.17. By [Lur(9, Prop. 5.2.8.6], the class of colimit-dominant morphisms is
therefore closed under retracts, pushouts along morphisms in Pry and colimits in Arr(Pry) :=
Fun([1], Pry). By [Lur09, Lem. 5.2.8.19| the full inclusion Arr®®™(Pry) C Arr(Pry) of the
colimit-dominant functors admits a right adjoint sending F' : N — M to its corestriction
F : N — Clm(F).

Corollary 3.18. Let V,'W € Alg(Pr) and B € yBimod (Pr). Given a colimit-dominant
F:M — Nin Pry, then F @y B : M®y B = N ®y B is colimit-dominant.

Proof. By expressing the relative tensor product via the bar construction as a colimit of
tensors in Pr, this follows from and the fact that colimit-dominant functors are
closed under colimits in Arr(Pry) from [Observation 3.17} O

Corollary 3.19. Let V — W be a morphism in Alg(Pr), M € RMody(Pr), C € Cat a small
category, F': C'— M a functor and assume that the image F'(C') generates M under colimits
and V-tensoring. Then, the image of C' - M — M ®y W generates M ®y W under colimits
and W-tensoring.

Proof. By [Corollary 3.13| (2), equivalently the induced functor P(C) ® V — M is colimit-
dominant. By|Corollary 3.18} this implies that also the functor P(C)@W ~ P(C)@VeyW —
M ®vy W is colimit-dominant. O

3.2. Atomic objects. If C is a small category, then any representable presheaf is a completely
compact object in P(C'), i.e. an object z € P(C) such that Mapycy(z, —) : P(C) — 8 preserves
small colimits. This almost gives a characterization of representable presheaves internal
to P(C): By [Lur09, Prop. 5.1.6.8|, completely compact objects in P(C) are retracts of
representable presheaves and thus the full subcategory of P(C') on the completely compact
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objects recovers the idempotent completion of C'. We now study the generalization of these
notions to enriched categories.

Definition 3.20. An object m € M in a presentable V-module category M € Pry is called
V—atomicﬂ if the functor Hom,(m,—) : M — 'V preserves small colimits and preserves
V-tensoring, in the sense that for all v € V the canonical map

Homy((m, —) ® v — Homy,(m, — @v)

adjoint to the evaluation m ® Homy(m, —) ® v — — @ v is an isomorphism. We denote by
M3t the full subcategory of M on the atomic objects.

If clear from context, we will simply say atomic instead of V-atomic.

Remark 3.21. Any object m € M induces a morphism m®— : V — M in Pry = RModvy (Pr)
whose right adjoint Homy,(m, —) : M — 'V inherits by [Lurl7, Example 7.3.2.8| a lax V-linear
structure. Atomicity of m precisely asks this lax V-linear functor Hom,,(m, —) to be strongly
V-linear and moreover colimit preserving, i.e. to itself be a morphism in Pry.

Lemma 3.22. For V € Alg(Pr) and A € Alg(V), aleft A-module M is atomic in LMod4 (V) €
RMody (Pr) (see [Example 2.4)) if and only if it is right dualizable, i.e. there exists a right
module MY € RMod 4 (V) such that the functor

MY XA —: LMOdA(V) —V
is right adjoint to M ® —.

Proof. 1f M is dualizable, it follows by definition that MY ®4 — =~ Homyyioq,, (v) (M, —),
and hence preserves V-tensoring and colimits. Conversely, if M is atomic,

mLModA(V)(M7 N) =~ Homy yjoq 4 vy (M, A®a N) =~ mLModA(V)(Mv A)®@a N

where the last equivalence uses atomicity to commute Homy yjoq , vy (M, —) with bar con-
structions. This exhibits HomLMOdA(V)(M, —) as the right dual of M. ]

Important examples of presentably symmetric monoidal categories are given by modes
[Lurl7l before Prop. 4.8.2.11], [CSY21] Def. 5.2.4]; by definition, these are unital idempotent
objects in Pr, i.e. presentable categories & equipped with a left adjoint functor § — &
(equivalently, a choice of object 1g € €) such that the induced functor € £ ®8 - E® &
is an equivalence. By [Lurl7, Prop. 4.8.2.9], this induces a commutative algebra structure
on & with unit 1¢ and for which the forgetful functor Modg(Pr) — Pr is fully faithful and
hence exhibits Modg (Pr) as a reflective localization of Pr equivalent to the full image of the
functor € ® — : Pr — Pr, see [Lurl?, Prop. 4.8.2.10.

Proposition 3.23 ([BMS24, Rem. 2.5]). Let & be a mode, i.e. a unital idempotent in Pr
and M € Preg C Pr. Then, m € M is atomic if and only if Homy(m, —) : M — € preserves
colimits.

Proof. By definition, m is atomic if Homy(m, —) : M — € is a morphism in Prg. But since
Pre is a full subcategory of Pr, it suffices that Homy,(m, —) : M — & preserves colimits. [

In other words, if £ is a mode, m € M € Prg and Hom,,(m, —) preserves colimits, it is
automatically compatible with tensoring.

Example 3.24. Using [Proposition 3.23] we can collect many examples of atomic objects:

8 Atomic objects are sometimes also called ‘tiny’, see e.g [BCJF15].
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e V = §, the initial algebra in Pr. Then, an m € M € Pr is atomic if and only if
it is completely compact [Lur09 Def. 5.1.6.2|, i.e. Mapy(m, —) : M — 8 preserves
colimits.

o Let V = 8<,,, be the mode of m-truncated spaces, classifying by [Lurl7, Prop. 4.8.2.15|
the category Prg_, —of presentable (m + 1,1)-categories. Since for M € Prg_, ,
the inner hom is given by the mapping space, it follows that m € M is atomic if
Mapy(m, =) : M — 8<,,, preserves colimits. (Note that since 8<,,, — 8 does not
preserve colimits, this condition is weaker than being completely compact.)

e Let V = 8. be the mode of pointed spaces, classifying by [Lurl7, Prop. 4.8.2.11| the
category Pr,e., := Prg, of pointed presentable categories (also known as categories
with a zero object). Then, for M € Pr,e0, an object m € M is atomic if and only
if the mapping space functor Map,,(m,—) : M — 8§ preserves weakly contractible
colimits, i.e. colimits whose indexing category has contractible geometric realization.
Indeed, as a right adjoint, Mapy(m, —) : M — S, preserves the terminal and hence by
pointedness the initial object. Since colimits are generated by initial objects and weakly
contractible colimitsEl7 it follows that m is atomic if and only if Map(m, —) : M — 8.
preserves weakly contractible colimits. Since 8, — 8 is conservative and preserves
weakly contractible colimits by the claimed statement follows.

e Let V = Sp be the mode of spectra, classifying by [Lurl7, Prop. 4.8.2.18] the category
Prg := Prg,, of stable presentable categories. Then, for M € Pry an object m € M is
atomic if it is compact, see [BMS24, Prop. 2.8].

e Let V = 8p° be the mode of connective spectra, classifying by [Lurl8bl Cor. C.4.1.3|
the category Pryqq = Prspen of additive presentable categories. Then, for M €
Praga an object m € M is atomic if it is compact projective, i.e. if Mapy(m,—) :
M — 8 preserves sifted colimits. Indeed, Homy(m,—) : M — 8p™ preserves
finite products and hence by additivity finite coproducts. Thus, m is atomic if and
only if Homy(m,—) : M — 8p® preserves sifted colimits which is equivalent to
Mapy,(m, —) : M — 8 preserving sifted colimits since Q°° : §p°® — § preserves sifted
colimits [Lurl7, Prop. 1.4.3.9] and is conservative.

Proposition 3.25 ([BM24] Prop. 5.9]). If  is a regular cardinal such that the unit 1y € V
is k-compact, then every atomic object in M € Pry is also k-compact. In particular, the full
subcategory M?* C M on the atomic objects is always small.

Proof. For m € M the functor
MapM(m7 _) = MapV(1V7MM(m7 _))

is the composition of two functors that preserve k-filtered colimits, making m a x-compact
object as well. So M C M* the full subcategory of xK-compact objects, which is small by
[Lur09, Prop. 5.4.2.2]. O

Definition 3.26. If the full subcategory M?®® C M generates M under colimits and tensoring,
we call M atomically genemteﬂ We let Pry ., denote the full subcategory of Pry on the
atomically-generated categories.

9Given a colimit diagram p : K — C, if C admits an initial object () we can always uniquely extend to
a diagram p’ : K9 — C sending the cone point to (). Its colimit agrees with that of p, but K< is weakly
contractible.

10Atomically generated categories are also called molecular [BM24] and tinily-spanned [BCIF1H).
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Remark 3.27. By [Proposition 3.25] M is atomically generated if and only if there exists a
small set of atomic objects which generate M under colimits and tensoring. We call such a
set a set of atomic generators.

3.3. Internally left adjoint functors. Recall that an object m € M is defined to be
atomic if the functor m ® — : V — M in Pry admits a right adjoint Homy,(m, —) in Pry.
This can immediately be generalized to other functors F' : N — M in Pry:

Definition 3.28. A functor F' : N — M in Pry is internally left adjoint if its right adjoint
FR .M — N preserves colimits and if for m € M, v € V the morphism
FRm)®v = FR(m o)
adjoint to F(FRm ®@v) ~ FFR*(m)®v VS ) @0 is an isomorphism. _
In this case, we say that ' 4 F® is an adjunction internal to Pry and denote by Prl\% the
subcategory of Pry on all objects and the internally left adjoint functors.

Remark 3.29. A functor F : N — M in Pry has, as a functor, by definition a right adjoint
F® : M — N which carries by [Lurl7, |Cor. 7.3.2.7] a lax V-linear structure. Therefore,
an F : N — M in Pry is internally left adjoint precisely if this right adjoint F'® preserves
colimits (and hence admits a further right adjoint) and this lax linear structure is strong, i.e.
if F® itself defines a morphism in Pry. The terminology alludes to the fact that the internally
left adjoints are precisely the adjunctions internal to the 2-category Pry, see [BM24, § 4] for
a more thorough discussion.

Observation 3.30. The unique morphism V — M in Pry sending 1y — m (and therefore
v +— m Qo) is internally left adjoint if and ouly if m is atomic.

Observation 3.31. Internally left adjoint functors in Pry are closed under composition. In
particular, combined with [Observation 3.30] internally left adjoint functors preserve atomic
objects; and we will next show a partial converse.

Proposition 3.32. Given a morphism F : N — M in Pry and assume that N is atomically
generated. Then, the following are equivalent:

(1) F is internally left adjoint;

(2) F preserves atomic objects;

(3) If Ng € N2 is a full subcategory which generates N under colimits and V-tensoring,
then F(Ng) C Ma*.

Proof. Internally left adjoint functors preserve atomic objects by [Observation 3.31] thus
(1) implies (2). Clearly, (2) implies (3). We now prove that (3) implies (1). Consider the
full subcategory N C N on those objects n € N such that for all diagrams I — M, and all
objects m € M and v € V the morphisms

Hom(n, colim FRm;) — Homy(n, F® colim m;)

Homy(n, FRm ® v) — Homy(n, F¥(m ® v))

are isomorphisms in V. Then, since Ng € N& and F(Ng) € M?* it follows that Nog C N.
Moreover, N is closed under colimits and tensoring with objects in V. Thus, since Ny is
V-generating, it follows that N=0N. By Yoneda, it then follows that F'® preserves colimits
and tensoring and thus F' is internally left adjoint. O
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Lemma 3.33. A morphism F' : N — M in Pry is fully faithful if and only if for all m € M,
the induced morphism

F' : Homy(m, m') — Homy (F(m), F(m'))

is an isomorphism in V.
If N is atomically generated by Ng C N and F' is internally left adjoint, then it suffices to
verify this condition for m, m’ € Njy.

Proof. The first statement follows immediately from the universal property of Hom. For
the second statement, let ng € Ny and note that the full subcategory of those n € N for
which Homy(ng,n) — Homy(Fng, F'n) is an isomorphism contains Ny by assumption and
is closed under colimits and V-tensoring since mg and F'mg are atomics since F' preserves
atomics by [Proposition 3.32} Since N is atomically generated by Ny, this full subcategory
is all of N and hence Homy(ng,n) — Hom,(Fng, Fn') is an isomorphism for all ng € Ny
and n € N. Now for a fixed n € N consider the full subcategory of those 7 € N for which
Homy(n,n) — Homy(Fn, F'n) is an isomorphism. By the above, this contains Ny and is
closed under colimits and tensoring since F' € Pry. ]

Proposition 3.34. Given a commuting diagram in Pry

X
iL, Cdom/ N
F

N———M

where the morphisms are internal left adjoint and colimit-dominant as indicated. Then, F is
also internally left adjoint.

Proof. Denote the colimit-dominant internal left adjoint by G : X — N. Passing to right
adjoints, G® is conservative by [Proposition 3.7 and both G® and G® o F'® preserve colimits

and tensoring. Thus, also F'® preserves colimits and tensoring. (|

Corollary 3.35. The factorization system of colimit-dominant and fully faithful functors
on Pry from [Proposition 3.16|restricts to one on the subcategory Priy — Pry.

Proof. Given a square of internal left adjoint morphisms in Pry with left vertical morphism
colimit-dominant and right vertical morphisms fully faithful, it follows from
that the unique filler in Pry guaranteed by [Proposition 3.16|is in fact in Pry'.

It therefore suffices to show that the morphisms in the factorization A — CIm(F) — B of
an internal left adjoint F': A — B are again internal left adjoints. First, the right adjoint

CIm(F) — A is given by the composite CIm(F') < B e A, where the inclusion CIm(F') C B
is in Pry, i.e. preserves colimits and tensoring. Thus, CIm(F) — A preserves colimits and
tensoring since F® does. Hence, A — CIm(F) is internal left adjoint and colimit-dominant.
It then follows from [Proposition 3.34|that also CIm(F') — B is internal left adjoint. O

Observation 3.36. Exactly as in [Observation 3.17] it follows that the class of colimit-
dominant internal left adjoints is closed under retracts, pushout along morphisms in Pr%
and colimits in Arr(Priy). Moreover, the full inclusion Arr®™(Pri}) — Arr(Priy) admits a
right adjoint sending an internal left adjoint to its corestriction to its closed image.

Lemma 3.37. Given an internal left adjoint and colimit-dominant morphism F : N — M in
Pry and assume that N is atomically generated. Then, M is atomically generated by the
image F'(Nat).
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Proof. The full subcategory F(N®") consists of atomics since F' is internal left adjoint and
generates M under colimits and V-tensoring since F' is colimit-dominant. O

Internal left adjoints are precisely the adjoints internal to the 2-category Pry. A way to
express this without using 2-categorical machinery is as follows.

Definition 3.38. A commutative square of categories

is called horizontally right adjointable if F and G have right adjoints F® and G® and the
induced morphism Ho F® = GRo K is an isomorphism and is called vertically left adjointable
if H and K have left adjoints H* and K" and the induced morphism K" o G = F o H" is
an isomorphism.

Proposition 3.39. A functor F' : N — M in Pry is internally left adjoint if and only if
either of the following equivalent conditions holds:

(1) For all G : P — Q in Pry the square of categories

Funt (9, N) RN Funy (9, M)

|-ea |-e6

Funs (P, N) 225 Funs(P, M)

is horizontally right adjointable.
(2) For all G : P — Q in Pry the square of categories

Funk (M, P) = Fun (M, Q)
—oF J—OF
Fun (N, P) —£°= Funk(N, Q)
is vertically left adjointable.

Proof. We prove the equivalence with (1), the equivalence with (2) is proven completely
analogously: For ®,8 € Pry, let Fun*(R,8) denote the category of lax V-linear functor
so that Fun’(R,8) C Funis*(R,8) is a full subcategory. Since F : N — M is in Pry and
hence in Pr, it has a right adjoint F'® which by [Lurl7, Ex. 7.3.2.8] is lax V-linear. Thus, for
any G as above, the square

Funld(Q,N) 25 Funly*(Q, M)

lfoG lfoG
Funia*(P, N) RN Fun’™(P, M)

is horizontally right adjointable with horizontal right adjoints given by postcomposing with
FR_If F is internally left adjoint, then by definition for all R in Pry the above horizontal

LIf we regard R®,8® — RM® as coCartesian fibrations of operads, F‘unl\‘;x((R, 8) may be defined as the
full subcategory of Fun, gye (R®,89) XFun/ hea® (VO V9) {idy® } on those functors that preserve coCartesian

lifts of inert morphisms; while (strong) V-linear functors preserve all coCartesian lifts.
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right adjoints F® o — : Fun{y*(R, M) — Fun*(R,N) factor through the full subcategories
Fun® (R, M) — Fun’; (R, N) and therefore make the original square in (1) right adjointable.
For the converse, it suffices to assume that the square

Funk (M, N) 2= Funk (M, M)

|-er |-er

Fun’; (N, N) N Fun’; (N, M)

is horizontally right adjointable. The right adjoint of Fun¥ (M, N) — Fun (M, M) applied to
idy¢ defines a H € Funy (M, N) together with a morphism 7 : F o H = idy in Funy (M, M).
Using that the square is horizontally right adjointable, it follows that (the underlying natural
transformation of) n exhibits the functor H as a right adjoint to F. Since H is moreover
in Pry and 7 is a morphism in Funl\;(M, M), it follows that F' is internally left adjoint with
internal right adjoint H. O

Corollary 3.40. Let V,'W € Alg(Pr) and F : N — M be an internal left adjoint in Pry.

(1) If G: N’ — M is an internal left adjoint in Pryy, then F'® G is an internal left adjoint
in Prygw with right adjoint F® @ GR.

(2) If B € yBimodw(Pr), then F @y B: N®y B — M ®y B is an internal left adjoint in
Pry with right adjoint F'® @y B.

Proof. Since internal left adjoints compose, the first statement follows from the statement
for G = idy which is a special case of the second statement. The second statement follows
from the characterization of internal left adjoints from 2) together with the
universal property of the relative tensor product from [Proposition 2.19} O

This may be used to show that atomics are preserved under basechange:

Corollary 3.41. Let V — W a morphism in Alg(Pr) and m € M € Pry a V-atomic object.
Then, m ® 1y € M ®y W € Pry is W-atomic.

Proof. This follows immediately from since V-atomics in M € Pry are precisely
internal left adjoints V — M. O

Corollary 3.42. For f : V — W a morphism in Alg(Pr), M € Pry and m,n € M with
m € M V-atomic, the induced morphism

f(Homy(m,n)) — Homyo 1w (m @ 1w, n @ lw)
is an isomorphism in 'W.

Proof. By definition, the functor Homyg 1w (m ® 1w, —) : M ®y W — W is right adjoint to
the functor m ® —: W — M ®y W. By atomicity of m € M and this functor
is internal left adjoint and its right adjoint is given by Homy(m,—) @y W : M@y W —
V ®y W ~ W which after restriction along M — M @y W is f(Homy(m,—)) : M —W. O

We will also use the following fact from |[Ram?24]:

Proposition 3.43 ([Ram24, Corollarly 1.32]). The subcategory Pril < Pry is closed under
colimits.

Observation 3.44. In particular, the pushout of an internally left adjoint functor in Pry
along an internal left adjoint is still internally left adjoint, since we obtain a pushout square
in Pri. Also Arr(Pri) C Arr(Pry) is closed under colimits as those are calculated pointwise.
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4. MONADICITY INTERNAL TO Pry

A monad on an object ¢ in a 2-category C is an algebra T' € Alg(Endc(c)) in the monoidal
category of endomorphisms of ¢. In particular, a valent V-category as in is
precisely a monad in the 2-category Pry. Informally, an FEilenberg-Moore object for T is
an object LModr(c) € C equipped with an adjunction ¢ & LMody(c) internal to C which
induces for any ¢’ € C an equivalence

LModz (Home(c, ¢)) ~ Home(c', LModr(c)),

i.e. it represents the functor LMody Homg(—, ¢) thereby internalizing the construction of
module categories into C. Any adjunction in C arising this way is called monadic adjunction,
and any right adjoint in a monadic adjunction is called monadic 1-morphism in C. We refer
to [Heil7] or [Ste21l §7] for a general treatment; here we will only develop the theory of
monads and monadic adjunctions working in the closed monoidal 1-category Pry.

4.1. The Eilenberg-Moore functor.

Construction 4.1. Let Q,V € Alg(Pr) and P € oBimody(Pr) ~ LModg(Pry). We now
construct a functor

EM : Alg(Q) — (Prv)(p/
sending an algebra T € Alg(Q) to the ‘free-module’ functor (P — LModr(P)).

Indeed, the forgetful functor LMod(P) — Alg(Q) is a Cartesian and coCartesian fibration,
with Cartesian transport given by restriction and coCartesian transport by extension of scalars;
see [Lurl7, |Cor. 4.2.3.2] and [Lurl7, Lemma 4.8.3.15] respectively. Regarded as a coCartesian
fibration, it classifies a functor LMod_)(?) : Alg(Q) — Cat sending T — LModr(P). It
factors through the subcategory Pr since extension of scalars preserves colimits and LModr (P)
is presentable.

We now lift this functor LMod_(P) : Alg(Q) — Pr through Pry: Combining [Lurl7,
Prop. 4.3.2.5| and [Lurl7, Prop. 4.3.2.6], we learn that from the composition P® — BM® —
LM® x RM® exhibiting P as a left Q- and right V-module, we can obtain a coCartesian
fibration LMod(P)® — RM® whose underlying category is LMod(P) and whose pullback
along Ass® — RM® is equivalent to V®.

Analogously to [Lurl7, Constr. 4.8.3.21] and [Lurl7, Prop. 4.8.3.22], sections LM® — P®
can be restricted to Ass®, leading to a coCartesian fibration LMod(P)® — Algass yom(P)-
Any algebra A € Alg(Q) induces a diagonal family of algebras in Alg, s, 1m(P) =~ Fun(RM®, Alg(Q)),
so pulling back along this diagonal yields a coCartesian fibration LModdiag(‘J:‘)® — Alg(Q) x
RM®. This unstraightens to a functor LMod_ (P) : Alg(Q) — RModv(@); in fact it factors
through Pry since the forgetful functor LMody(P) — P creates colimits.

Finally, Alg(Q) has an initial object 1o which the functor Alg(Q) — Pry sends to
LMod;, (P) = P, so we obtain an induced functor Alg(Q) ~ Alg(Q),,, — (Prv)s,.

The functor EM from |Construction 4.1fin fact lands in the full subcategory of (Pry)s, on
the internal left adjoints and colimit-dominant functors:

Proposition 4.2. For any Q,V € Alg(Pr),? € oBimody(Pr) and T € Alg(Q), the free-
module functor P — LMody(?P) is internal left adjoint in Pry and colimit-dominant.

Proof. The right adjoint is the forgetful functor LModz(P) — P which is conservative, hence

by P — LModr(P) is colimit-dominant. Moreover, the forgetful functor
LModr(P) — P preserves colimits by [Lurl?, Cor. 4.2.3.5] and its lax V-module structure is

strong by the definition of the right V-action on LModr(P). O
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Observation 4.3. For V € Alg(Pr) and P € Pry, recall from [Proposition 2.17] that
End3(P) € Alg(Pr) is the internal end of P for the left Pr action on Pry. By [Reminder 2.20|,
this enhances P to an object of LModg, gt (p)(Prv) ~ gyat p)Bimody(Pr). We may thus
apply [Construction 4.1] to it and obtain a functor

EM : Alg(End}(P)) — (Pry)p, .

Definition 4.4. Let V € Alg(Pr) and P € Pry. An internal monad on P in Pry is a
T € Alg(End%(P)), its Eilenberg-Moore object is LModr(P) € Pry and its Eilenberg-Moore
adjunction is the free-forget adjunction P = LMody(P).

Given a monad, the functor from therefore assigns its Eilenberg-Moore
adjunction, which by is an internal adjunction in Pry. Conversely, given any
such internal adjunction we may recover a monad as follows:

Lemma 4.5 (cf. [Lurl7, Lem. 4.7.3.1]). Given an internal adjunction F': P = M : F® in
Pry, the transformation

Fo(FRoF)~(FoFYoF 5 F

exhibits F® o F € End¥(?P) as the internal endomorphism object of F' € Funy (P, M) with
respect to the right End%(P)-action on Fun’ (P, M) from [Proposition 2.24] In particular,
F® o F inherits the structure of a monad on P in Pry by [Reminder 2.20]

Proof. The proof is entirely analogous to [Lurl7, Lem. 4.7.3.1]: For each H € End’(?) the
composition

Mapg,ar ) (H, F* 0 F) = Mapp,i 3 a0 (F © H, F o F* o F) = Mappyut p.ar) (F 0 H, F)

is an equivalence since F, F® are adjoint. ([l

Remark 4.6. An analogous argument shows that F'® o F is also isomorphic to the internal
endomorphism object of F® € Funk(M,P) with respect to the left End}(P) action on
Fun’ (M, P).

Using these observations, we now show that the functor from is in fact
fully faithful and admits a right adjoint.

Theorem 4.7. Let V € Alg(Pr) and P € Pry. The functor
EM : Alg(End}(P)) — (Prv)s,

from |[Observation 4.3[is fully faithful and admits a right adjoint which sends (F': P — M) €
(Prv)s, to the endomorphism object Endpy,t p a) (F) € End’(?) in the presentable right

Endy (P)-module category Funt; (P, M) (with action induced by composition as defined in
[Proposition 2.24)).

Proof. We first show that taking internal ends defines a right adjoint for EM. Given
T € Alg(End%(P)) and (P — M) € (Pry)p,, the category of V-linear functors over P fits
into the pullback diagram

Funy 5, (LModr (), M) —— Funy (LModr(P), M)
I |

{P - M} Funy (P, M)
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where the right vertical map is induced by precomposition with the free functor P —
LModz(P). But we can rewrite the upper right entry as

Funy, (LMod7 (%), M) = Funy(LMod7 (Endy(P)) @pnar ) P> M) =
~ Funk 1 ) (LModT(End\L,((P)), Funk (7, J\/[)) ~ RMody (Funk (P, M))

using [Lurl?, Thm. 4.8.4.6], [Proposition 2.19 and [Lurl7, Thm. 4.8.4.1]. Now recall from
that algebra homomorphisms that go from 7" into the endomorphism object
Endp, L (p o) (P — M) € End}(?P) agree with the very same pullback

RMody (Fun} (P, M)) X Funty (2.00) {P —= M}

Thus, the functor Alg(End%(P)) — (Pry)s ; has a pointwise right adjoin and therefore a
right adjoint.

Now, it suffices to show that the unit 7" — Endp,,t (p 3y (P = LModz(P)) is an iso-
morphism for any algebra T'. In other words, the canonical T-action by precomposition
exhibits T" as the endomorphism object of P — LMody(P). This is precisely the statement

of using [Proposition 4.2[ that P — LModr(P) is an internal left adjoint. O
Remark 4.8. For P =V this recovers [Lurl7, Thm. 4.8.5.5]|.

4.2. A monadicity theorem for presentable module categories. We now characterize
the image of the fully faithful functor Alg(End{;(fP)) — (Pry)p, thereby proving a variant of
the Barr-Beck-Lurie monadicity theorem for presentable module categories.

Given an internal adjunction F : P = M : F® in Pry, the composition '} o F is
by [Lemma 4.5 the endomorphism object of F' and thus inherits the structure of a monad. More-
over, the counit of the adjunction from defines a morphism LModprop(P) — M
in (Prv)?/.

Definition 4.9. An internal adjunction ' : P = M : F'® in Pry is called internally monadic
if this induced functor LModgr,r(P) — M is an equivalence.

Observation 4.10. By given an F' : P — M in Pry the counit
LMOdEnd (:P) —M

—Fun{;(m,m)(F)
is an equivalence if and only if F' is in the image of EM : Alg(End%(P)) — (Pry)p,. Thus,
the image consists precisely of those internal left adjoints F' : P — M which are part of an
internal monadic adjunction.

The following proposition is a presentable version of [Lurl7, Cor. 4.7.3.16] and will be key
to our monadicity theorem.

Proposition 4.11. Given a diagram in Pr

125 pointwise right adjoint of a functor F': € — D at an object d € D is an object in € which represents
the functor Mapq, (F—,d) : €°P — 8. A functor F has a right adjoint if and only if it has a pointwise right
adjoint at every object d € D; the right adjoint in this case is given by the induced factorization D — P(C)
through the full subcategory C.
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for which F, F’ are internal left adjoints and F is colimit-dominant, and assume that the
induced transformation

FRE = FRAERAF ~ (F)RF
is an isomorphism. Then, H is internal left adjoint and fully faithful. If F’ is also colimit-
dominant, then H is an equivalence.

Proof. By [Proposition 3.7L FR is conservative and hence F = HRHF ~ HRF’ is an
equivalence. By [Proposition 3.34] H is an internal left adjoint and hence H® and thus HR H
preserve colimits. Since F is colimit-dominant, this implies that the counit id = H®H is also
an equivalence and hence that H is fully faithful. If F’ is also colimit-dominant, it follows
from the uniqueness of factorization in the colimit-dominant/fully faithful factorization
system on Pr from |Proposition 3.16| that H is an equivalence. O

Theorem 4.12. Let V € Alg(Pr) and P € Pry. An object (F': P — M) in (Pry)s, is in
the image of the fully faithful functor EM : Alg(Endy(P)) < (Pry)p, from if
and only if F' is internally left adjoint in Pry and one of the following equivalent conditions
holds:

(1) The internal adjunction F' 4 F® is internally monadic in Pry as in
(2) The adjunction F' + F® is monadic in the sense of Barr-Beck-Lurie Def. 4.7.3.4];
(3) F® is conservative;

(4) F is colimit-dominant.

Proof. By [Observation 4.10] F' is in the image of EM if and only if it is internally left
adjoint and (1) holds. We will now show that (1) is equivalent to (2), (3), and (4). By
the Barr-Beck-Lurie monadicity theorem Thm. 4.7.3.5], (2) is equivalent to (3).
By (3) is equivalent to (4). Moreover, if F' - F® is internally monadic in
Pry, then F : P — M is equivalent to the composite P — LModr(P) ~ M and hence is
colimit-dominant, proving that (1) implies (4). We will now show that (4) implies (1). By
construction, the morphism LMod prop(P) — M is in (Pry)p/; hence we have a commuting

diagram in Pry and thus in Pr:
P
/ \I:

LModprop(P) ——— M

By assumption F is internally left adjoint and colimit-dominant, and so is the other diagonal
functor by Moreover, the composite of the free- and forget functor P —
LModgrp(P) — P is equivalent to the underlying functor of the monad which by
is F® o F. Thus, the conditions of [Proposition 4.11] are satisfied and LModgr,r — M is an

equivalence, hence F' 4 F® is internally monadic in the sense of |Definition 4.9 (]

Remark 4.13. The equivalences (1) < (3) < (4) in our [Theorem 4.12| do not depend on
Lurie’s monadicity theorem [Lurl7, Thm. 4.7.3.5|. Instead our proof uses [Proposition 4.11]
as a simpler presentable variant of [Lurl7, Cor. 4.7.3.16].

5. MARKED MODULES

We will now use our monadicity theorem to relate enriched categories with marked modules

and prove our main result [[heorem 5.5

We start with the following preparatory statements:
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Lemma 5.1. Let V € Alg(Pr) and X € 8. Then, the objects in the image of X — P(X) ~
PX)®8 — P(X)®V € Pry are V-atomic. Moreover, they generate P(X)®V under colimits
and V-tensoring. In particular, P(X) ® V is atomically generated.

Proof. Recall that the representable presheaves in P(X) are 8-atomic, i.e. completely compact.
Thus, by[Corollary 3.41] the objects in the image of X — P(X)®V are V-atomic. Moreover, by
Corollary 3.12[the full image of X — P(X)®V generates under colimits and V-tensoring. O

Corollary 5.2. Let V € Alg(Pr),M € Pry and C € Cat a small category. Then, for a
functor ¢ : C' — M the following are equivalent:

(1) ¢ factors through the full subcategory M?';
(2) The induced functor P(C') @ V — M in Pry is internally left adjoint.

Proof. Since the full image of C — P(C') ®V consists of atomics and generates under colimits
and V-tensoring by [Lemma 5.1} the statement follows from [Proposition 3.32{3). O

Notation 5.3. Let C' € Cat be a small category. Then, we write (Pry)¢, for the pullback

@c / Xz Prv, where Pry — Cat is the forgetful functor. Informally, an object of (Pry)c,
is an M € Pry equipped with a functor C — M.

Lemma 5.4. Let V € Alg(Pr), C € Cat, then restricting along C' — P(C) ® V induces an
equivalence

(Prv)?(c)@,v/ — (Prv)c/.

Proof. Let Prrex . Cat = Cat®™ denote the free cocompletion under small colimits which by
[Lur09l Cor. 5.3.6.10] is left adjoint to the subcategory inclusion Cateelim —y Cat. For small cat-
egories C, P () ~ Fun(C°P,8) = P(C) as explained in [Lur09, Ex. 5.3.6.6]. Composing
with the free-forgetful adjunction we obtain an adjunction Cat = RMody (@“’“m) : Forget

and thus for large categories D by an equivalence
RMody (€at®™) 1, =~ RMody (Cat™ ) prrex pygv) -

For small categories C' this restricts to the desired equivalence between full subcategories. [J

We are now ready to state and prove the first main theorem of this paper:

Theorem 5.5. Let V € Alg(Pr) and X € 8. The composite

[Cemma 5.7
vCatx (V) = Alg(End%(P(X) © V) 25 (Pry)px)av) = (Pry)xy

sends a valent V-category € to (&Y : X — Py(C)) € (Pry)x/, i.e. its enriched presheaf
category marked by the representable presheaves. This functor is fully faithful, has a right
adjoint and its image consists of those functors XV : X — M for which either of the following
equivalent conditions holds:

(1) The image of XV is contained in the atomics and generates M under colimits and
V-tensoring;

(2) The image of XV is contained in the atomics and the functors {Homy(1z, —) : M —
V}rex are jointly conservative;

(3) The induced functor P(X) ® V — M is an internal left adjoint in Pry which is
colimit-dominant (equivalently its right adjoint is conservative).
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Proof. By definition, the composite sends a monad € € Alg(End}(P(X) ® V)) to the
free module functor P(X) ® V — LMode(P(X) ® V) in Pry. By [Definition 2.3§| and

[Proposition 2.41} this is precisely P(X) ® V — Py(€) corresponding under the equivalence
(Prv)p(x)ev, ~ (Prv)x/ to &V : X — Py(€). Fully faithfulness follows from [Theorem 4.7
and the characterization of the image from and Corollaries .2 and 3.13] [

Definition 5.6. We refer to a M € Pry together with a small space X € 8 and a functor
X — M satisfying the equivalent conditions of as a marked module. We let
ModX v € (Pry)x, denote the full subcategory on the marked modules.

Definition 5.7. Using [Construction 4.1 we define the functor

Py := LMod(_y(P(X) ® V) : Alg(Endy(P(X) ® V)) — Pry
sending a V-category € to its enriched presheaf category Py(C) (see [Definition 2.38). Un-
der the equivalence from it corresponds to the slice projection ModY y C
(Prv)X/ — Pry.
Observation 5.8. An immediate consequence of is that for any C € vCatx (V)

the presheaf category Py (C) is atomically generated by the image of the Yoneda embedding
Jiv X = 9’\7((3)

Remark 5.9. In [Hin20, Prop. 6.3.1] given an M € Pry, a small space X and a functor
X — M, Hinich constructs a V-enriched category as the internal end of the induced functor
(P(X) @V — M) € Funk(P(X) ® V, M) with respect to its right End}(P(X) ® V)-action.
By this precisely agrees with the right adjoint of the fully faithful comparison
functor vCatx (V) — (Prv)x, from

Remark 5.10. By every atomically generated M € Pry is the enriched
presheaf category of some valent V-category €. There is in fact a distinguished choice for
such €, namely that corresponding to the marked module M?%~ — M where M?"= is the
small (by [Proposition 3.25)) subspace of M spanned by the atomic objects. This satisfies
condition (1) by definition. Enriched categories € arising this way are called Cauchy-complete.

Corollary 5.11. If V — W is a fully faithful morphism in Alg(Pr) and M € Pry is
V-atomically generated, then M ~ M ®y V — M ®y W is fully faithful.

Proof. By [Remark 5.10, there is an X € 8 and a € € vCatx (V) = Alg(End}(P(X) ®V)) so
that M ~ Py (€) := LMode(P(X)®V). Since Fun(X°P, V) ~ P(X)®@V - P(X)@VeyW ~
P(X) ® W ~ Fun(X°P,'W) is given by postcomposition and hence is fully faithful, it
immediately follows that also

LMode(P(X) ® V) — LMode(P(X) ® V) @w W ~ LMode (P(X) @ W)
is fully faithful, the last equivalence using Thm. 4.8.4.6]. O

Warning 5.12. The condition that M is atomically generated is necessary in
For a counterexample, take V — W the full inclusion 8p°® — 8p of connective spectra into
spectra and let M = Ab be the category of abelian groups with Sp°"-action induced by the
morphism 7g : 8p° — Ab in CAlg(Pr). Then,

Ab — Ab ®gpen 8p ~ Ab ® 8p ~ *
is not fully faithful. Compare [Hai21].

As an immediate corollary of [Theorem 5.5 we obtain the following variant of
Prop. 4.8.5.8|:
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Corollary 5.13. Let V € Alg(Pr). Then, the functor

sending an algebra A to the category LMod (V) pointed by the free A-module A is fully
faithful. Its image consists precisely of those M € Pry with pointing m € M for which m is
an atomic generator.

Proof. Apply in the case X = *. O

6. FUNCTORIALITY OF MARKED MODULES

In our first main we constructed for a fixed space X and V € Alg(Pr) an
equivalence between the category vCatx (V) := Alg(End}(P(X) ® V)) of valent V-enriched
categories with space of objects X and the full subcategory Mod}yv C (Pry)x, of marked
modules, i.e. those functors X — M whose image consists of atomic objects that generates
under colimits and V-tensoring.

One advantage of the latter perspective on enriched categories is that the functoriality of
the full subcategory Mod’ y in X and V is much easier to establish than the functoriality of
Alg(End}(P(X) ® V)) defined in terms of endomorphism algebras (cf. [Hin20, Prop. 4.5.5]).
In [GH15| this is remedied by explicitly constructing vCatx (V) as algebras over an operad
in an evidently functorial way, however adding combinatorial complications. In this section,
we explain how to make this full subcategory Mod’ € (Pry)yx, functorial in X and V and
establish a number of basic properties. In §6.3] we will show that this functoriality indeed
agrees with the one arising from [GH15|, making use of tools developed in [Hei23].

6.1. Functoriality in spaces.

Definition 6.1. Let Arr(@) Xgm Pry denote the pullback of the target projection
Arr(Cat) — Cat along the forgetful functor Pry — Cat. The category of marked presentable
V-module categories, or in short marked V-modules is the full subcategory

Mod3y, C Arr(@) Xgm Pry

on those functors X — M for which X is a small space and the image of X — M consists
of atomics which generate M under colimits and V-tensoring. By definition, the functor
Mod3 — Arr(@) ¢ Cat factors through the full subcategory 8 C Cat of small spaces. We
refer to the induced functor ob : Mod}, — § as the space of objects of a marked V-module.

By definition, the fiber of ob : Mody, — 8 at a space X agrees with the category Mod}’v

from [Definition 5.6| which by [Theorem 5.5|is equivalent to vCatx (V).

Example 6.2. Given V-categories € € vCatx(V), D € vCaty (V) identified via [Theorem 5.5
with their Yoneda functors (X — Py(€)) € Modk y and (Y — Py(D)) € Mody y, a
morphism between them in Mod}, amounts to a commuting diagram

where the right vertical morphism is in Pry. In particular, there is a map of underlying
spaces of objects f : X — Y and for every x,y € X by |Observation 2.43| and [Observation 2.9
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a morphism in V:
Home (x,2') > Homy e (¢ (), £&(y)) = Homg o (£e(f2), £5(fy)) ~ Homp (fz, fy)

In fact, we will show in [Theorem 6.37| that the category Mod}, together with its functor
Mod3, — 8 is equivalent to the category vCat(V) of valent V-enriched categories and V-

enriched functors in the sense of [GHI15|, [Hei23], [Hin20].

In the remainder, it will be convenient to express Mod} in terms of the free V-module
PX)®V:

Notation 6.3. Let Arr'*°™ (Pry) denote the full subcategory of Arr(Pry) on the internal
left adjoint and colimit-dominant functors and Arr®®°™ (Pri}') the full subcategory of Arr(Pri})
on the colimit-dominant functors; compare [Definition 3.6| and [Definition 3.28|

Proposition 6.4. The category Mody is the pullback
Mod? ~ 8 xpy, Arritoedom (pry)

of the source projection Arr'™d°™ (Pry,) =¥ Pry along the functor 8 — Pry sending X to
the free presentable V-module category P(X)®V on X.

Moreover, the factorization of 8 — Pry through the subcategory inclusion Priy — Pry
induces an equivalence

8 XpyiL Arredom (Pr%) 5 8 Xpry, Arriedom (Pry) ~ Mod?

Proof. Composing the free cocompletion under small colimits adjunction Cat = Catcolim
from [Lur09, |Cor. 5.3.6.10] with the free-forgetful adjunction Cat®°™ = RMody (Cat<lim)
results in an adjunction Cat = RMody (Cat®lim). then yields an equivalence

Cat x Arr(RModv(é&\tCOhm)) ~ Arr(@) X &a RModv(é;tCOhm) .

RModyy (Gatcolim)

Restricting to the relevant full subcategories proves the first statement. The second statement
follows from [Proposition 3.34] (]

Corollary 6.5. The full subcategory Mod3, C § Xpry Arr(Pry) is closed under colimits.

Proof. By colimit-dominant and fully faithful functors form a factorization
system on Priy, so it follows as in |Observation 3.36| that the full inclusion Arr®d°™(Pri}) <
Arr(Pri}) has a right adjoint and hence so has the full inclusion

Mod3, ~ 8§ X it Arrcdom(pril) < 8 X priL Arr(Priy).

Using |Pr0position 3.43| that the subcategory Pr% — Pry is closed under colimits, so is the
induced subcategory inclusion 8 Xp,iL Arr(Prif) — 8 xp,, Arr(Pry). O

We will now prove that ob : Mod}, — § is a Cartesian and coCartesian fibration. This
will directly follow from the following:

Corollary 6.6. The functor ob : Mody, — 8 is a Cartesian and coCartesian fibration,
classifying a functor

Mod?_)y :8 = Pr.
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Proof. Since Pr% has colimits (preserved by the inclusion into Pry, see |Observation 3.44[)
and since colimit-dominant and fully faithful functors form a factorization system on Pr‘\% by
Corollary 3.35| it follows from [Proposition A.16|that Arr“®™(Pril') — Pri} is a Cartesian
and coCartesian fibration. By [Proposition 6.4, Mody, — § is therefore a pullback of a
(co)Cartesian fibration and hence itself one. Since the fibers ModY y ~ vCatx (V) are
presentable by [Proposition 2.34] it follows that the classified functor lands in Pr. O

Example 6.7. Unpacked, given a map of spaces g : X — Y, the induced right adjoint
g' : Modyy — Mod y sends a marked module ¥ — M to the marked module X —
CIm(X — Y — M). In particular, using the equivalence vCatx (V) ~ Mod¥ y from
[Theorem 5.5| and |[Observation 2.43] the induced functor vCaty (V) — vCatx (V) sends a
valent V-enriched category D with space of objects Y to the valent V-enriched category g'D
with space of objects X and Homp(z,2") = Homyp (g(x), g(2')).

Observation 6.8. Using the description of Cartesian and coCartesian morphisms from

[Proposition A.16] the proof of [Corollary 6.6|implies that a morphism in Mod3, consisting of
amap ¢g: X — Y in 8 and a commutative square in Pry

PX)@V — PY)RV
| |
M—— N

e is Cartesian iff the functor M — N is fully faithful,
e is coCartesian iff this square is a pushout square in Pry (or equivalently, Pr).

Corollary 6.9. The category Mod?, has limits and colimits, and the functor ob : Mod3, — 8
preserves them.

Proof. By ob is a Cartesian and coCartesian fibration classifying a functor
8 — Pr. In particular, the transport maps preserve limits and colimits in the fibers of ob
respectively, so our claim follows from [Lur(09, Cor. 4.3.1.11] and [Lur09, Prop. 4.3.1.5| since
the basis § admits limits and colimits. (|

Remark 6.10. By the previous proof, colimits in Mody, are calculated by first taking them
in 8§ obtaining a space X, then performing coCartesian transports along the colimit cone to
push the diagram over X, and finally calculating the colimit of the transports in the fiber
vCatx (V) which admits limits and colimits as it is presentable by [Proposition 2.34] Dually
for limits and Cartesian transport.

6.2. Functoriality in the enriching category. We now construct a coCartesian fibration
Mod* — Alg(Pr) with fibers Mody,, exhibiting the latter as functorial in V.

In for a fixed V € Alg(Pr), we defined Mod3, as the full subcategory of
Arr(Cat) X g Pry on those functors ¢ — M where C' is a small space and the functor
atomically generates.

Recall the coCartesian fibration p : RMod(Pr) — Alg(Pr) which by [Lurl7, Lemma 4.8.3.15|
straightens to the functor RMod_ (Pr) =: Pr_ : Alg(Pr) — Cat sending algebra homomor-
phisms to the induced extension-of-scalars functors.

Definition 6.11. We define Mod™* as the full subcategory of Arr(@) X gz RMod(Pr) on
those triples of V € Alg(Pr),M € Pry and functor C — M for which C' is a small space and
whose image lands amongst the V-atomics and generates M under colimits and tensoring.
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Lemma 6.12. The functor Arr(@) X g3 RMod(Pr) P Cat x Alg(Pr) is a two-sided

fibration (c.f.|Reminder A.4), classifying a functor Cat x Alg(Pr) — @, (C,V) = (Pry)cy,-

Proof. By [Example A.5|the arrow category (src, trg) : Arr(@) — Cat x Cat is a two-sided

fibration, so by [Observation A.6|the pullback Arr(@) X gz RMod(Pr) — Cat x RMod(Pr) is
one as well. Postcomposing with the coCartesian fibration p : RMod(Pr) — Alg(Pr) proves
the claim. ]

Notation 6.13. For better readability, we will sometimes follow [Reminder A.4]l and write
f\f(Prv)C/ — Cat x Alg(Pr) for the two-sided fibration from We write
fé( (Pry)x, — 8 x Alg(Pr) for its pullback along the inclusion 8 — Cat (classifying the
restriction of the functor (C,V) — (Pry)c, to 8§ — @)

Proposition 6.14. The composite Mod* < Arr(@) X gz RMod(Pr) — RMod(Pr) —

Alg(Pr) is a coCartesian fibration and the inclusion Mod* — Arr(@) X gz; RMod(Pr)
preserves coCartesian morphisms.

Proof. By the functor Arr(@) X gz RMod(Pr) — Alg(Pr) is a coCartesian
fibration. Explicitly, given a morphism V — W in Alg(Pr), the induced coCartesian transport
sends a C' = My € Arr(@) X gz RMod(Pr) to € — M ®y Wy. In particular, if C' — My
is a marked module for V, i.e. if its image lands in the V-atomics and generates under colimits
and V-tensoring, then also C — M ®y W is a marked module for W by
and Thus, the full subcategory Mod* C Arr(@) X g3 RMod(Pr) is closed
under coCartesian transport and hence the composite Mod* — Alg(Pr) is also a coCartesian

fibration by [Cemma A.15 O

Example 6.15. It follows directly from the proof of [Proposition 6.14] that the induced
straightened functor Modff) : Alg(Pr) — Cat sends a morphism f :V — W in Alg(Pr) to
the functor Mody, — Mod3y, sending a marked V-module X — M to the marked W-module
X —>M-—->MepyW.

Observation 6.16. Let Arr(@) Xgm Pro : Alg(Pr) — Cal denote the straightening of

the coCartesian fibration Arr(Cat) X gz RMod(Pr) — Alg(Pr). Then, |Proposition 6.14
is equivalent to the assertion that Mod* — Alg(Pr) is the unstraightening of a full
subfunctor Mod?_) : Alg(Pr) — Cat given at a V € Alg(Pr) by the full subcategory

Mod% C Arr(Cat) X gz7 Pry from [Definition 6.1

We now show that for a morphism f : V — W the induced change-of-enrichment Mody, —
Mod3y, sending (X — M) — (X — M @y W) acts as expected on enriched categories.

Construction 6.17. Let (Fy : o®Py — o/P), be a morphism in BMod(Pr) from a Q-V-
bimodule P to a Q-V'-bimodule P’. Applying [Construction 4.1} this induces a map of
coCartesian fibrations between LMod(P)® — Alg(Q) x RM® and LMod(P")® — Alg(Q’) x
RM® and hence a natural transformation

Alg(Q) 2L pafody (Pr)

Alg(g)l / l—@vv’

!
Alg(Q ) Lm) RMOdV( (Pr)
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Proposition 6.18. For X € § and f : V — W in Alg(Pr), the induced coCartesian transport
ModX  — ModX 1y, restricted to the fibers over a fixed space X of objects, agrees under the

equivalence ModY y =~ vCatx (V) from [Theorem 5.5{with the functor from [Construction 2.36}

Proof. The functor f induces a map P(X)®V = P(X)@VeyW ~ P(X)®W in RMod(Pr)
by coCartesian transport. Applying[Observation 2.22]to this morphism and the left Pr-action
on RMod(Pr) we obtain a map gyqt (p(x)ev(P(X) @ V)v = guar, (2(x)ew(P(X) @ W)w
in LMod(RMod(Pr)) = BMod(Pr) whose underlying morphism between endomorphism
algebras agrees with the one constructed in [Construction 2.36] Applying [Construction 6.17]
we obtain a natural transformation

vCatx (V) = Alg(End%(P(X) @ V)) — 22— Pry

| / }@Ww

vCatx (W) = Alg(End, (P(X) @ W)) —5— Prw

where the left vertical morphism is the functor fi from [Construction 2.36l This induces a
natural transformation

vCatx (V) —— ModX y

fl / |-evw -

vCatx (W) —=— Mod¥

We will conclude by proving that this natural transformation is invertible. Let therefore
€ € vCatx (V) and since Mod’ y ~ Alg(End}(P(X) ®V)) — Fun(X x X,V) is conservative,
it suffices to show invertibility on the underlying graphs where f is simply given by postcom-
position. But for x,y € X, the W-morphism Homg_ e)g,w( EV(2) ® 1w, &% (y) ® 1yw) —

f(Hom?V(e)(J:\é (z), £%(y)) is by |Corollary 3.42f an isomorphism since X% (z) is atomic,

proving the claim. O

Corollary 6.19. For a morphism f :V — W in Alg(Pr), the functor f, : Mod}, — Mod3y,
admits a right adjoint f} whose unit and counit are sent to equivalences{ﬁ? under the
respective functors ob : Mody, — 8 and ob : Mody, — 8.

Proof. Both categories are coCartesian fibrations over 8 by Hence, by
Prop. 7.3.2.6] it suffices to show that for each X € 8, the induced map on fibers Mod},v —
ModX 1y admits a right adjoint, and that fi : Mod)}, — Mody, preserves coCartesian
morphisms. The former follows from [Proposition 6.18] and [Construction 2.36| the latter

follows from the characterization of coCartesian morphisms in and the fact
that — ®y W preserves colimits. O

Corollary 6.20. The coCartesian fibration Mod* — Alg(Pr) from [Proposition 6.14|is also
Cartesian. In particular, Mod* admits limits and colimits and Mod* — Alg(Pr) preserves
them.

Proof. Tt follows from that the coCartesian transports admit right adjoints
and hence that Mod® — Alg(Pr) is also a Cartesian fibration by [Lur09, Cor. 5.2.2.5].

Since the base Alg(Pr) has limits and colimits, the fibers Mod?3, have limits and colimits by
and the Cartesian transports preserve limits while the coCartesian transports

131n the terminology of [Lurl7, [§7.3.2], fi [} is a relative adjunction over §, cf. |Definition A.10)
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preserve colimits, it follows from [Lur09, |Cor. 4.3.1.11] that Mod™ has limits and colimits
which are preserved by Mod* — Alg(Pr). O

Lemma 6.21. If f : V — W is a morphism in Alg(Pr), the coCartesian transport fi :
Mod?y, — Modjy, is a map of Cartesian fibrations over 8.

Proof. By [Observation 6.8/ a morphism G : (15 : X = M) — (¢ex : Y — N) in Mody, is
Cartesian if and only if M — N is fully faithful. Since M is atomically generated by X and
M — N is internal left adjoint by this is by equivalent to the

condition that for all z, ' € X the induced map on internal homs

Homy (eae (), taa(2)) = Homy (inG(x), inG (1))

is an isomorphism in V. Applying f : V — W results in an isomorphism in W and it therefore

follows from that so is the map

Homy e, w (i ® 1y, i@’ @ 1w) = Homyg o (ivGe @ 1w, inGa’ @ 1y) . O

Corollary 6.22. The projection Mod* — 8§ x Alg(Pr) is a two-sided fibration (in the sense

of [Reminder A.4) and hence straightens to a functor Mod* _ : 8°P x Alg(Pr) — Cat.

Proof. By [Proposition 6.14] Mod* — Alg(Pr) is a coCartesian fibration with coCartesian
morphisms sent to equivalences under Mod* — 8. Moreover, the fibers Mody, — § are
Cartesian fibrations by and Cartesian morphisms are preserved by coCartesian

transport fi due to O

Warning 6.23. The full inclusion Mod* — Arr(@) X gz RMod(Pr) is a map over 8 x Alg(Pr)
which is a map of coCartesian fibrations over Alg(Pr), but is not a map of two-sided fibrations.
In particular, it does not straighten to a natural transformation Mod; _ = (Pr_),, (but
merely a lax natural transformation). Indeed, by Cartesian transport along
non-surjective maps of spaces in Mod* changes not just the underlying space but also the
presentable module category.

Analogous to we may rewrite [Definition 6.11] in terms of functors out of
PX)@V:

Notation 6.24. We let [, Arr(Pry) — Alg(Pr) denote the coCartesian unstraighten-
ing of the functor ArroRMod_(Pr) : Alg(Pr) — Cat. Since internal left adjoints and
colimit-dominant functors are preserved by coCartesian transport by and
Corollary 3.18|7 the functor V — Arr'™“d°™(RMody(Pr)) C Arr(RMody(Pr) by [Lurl8a), Tag
01VB]| induces a full inclusion [}, Arpyilhedom (Pry) < [, Arr(Pry) on unstraightenings that
is a map of coCartesian fibrations over Alg(Pr).
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Proposition 6.25. The following define pullback squares (see [Notation 6.13|and [6.24]):

Mod* Jy Arritoedom (pr.)
[ |
f\)f (Prv)x, Jv Arr (Pry) ——— Alg(Pr)

- 4
\[ \[V)—)idv

(8 x Alg(Pr)) Xgrmod(pry Arr(RMod(Pr)) ——— Arr(RMod(Pr)) —— Arr(Alg(Pr))

-
src

8 x Alg(Pr) RMod(Pr)

X, V=P (X)@Vy

Here, < denote fully faithful functors. Moreover, the above squares lift to pullback squares
in the subcategory coCart; agpr) of Cat; algpr) of coCartesian fibrations and functors
preserving coCartesian morphisms.

Proof. We first show that all squares are pullback squares in Cat. The bottom left one is
by definition, the middle right by [Proposition A.3| (2). The pullback of the middle left
square (8 x Alg(Pr)) Xgrmod(pr) Arr(RMod(Pr)) X arr(alg(pr)) Alg(Pr) is a full subcategory

of (Cat x Alg(€ate™™)) x 1 6oy Arr(RMod (Eateolin)) Alg(Cateolim).
Using [Observation A.13]for the relative adjunction

?n—rex(_)®? . @ % Alg(@colim) = RMOd(@COIim) . forget

X Arr(Alg(Cateolim))

over Alg(@conm) (composed from the free cocompletion under small colimits P™* ([Lur09}

Cor. 5.3.6.10|) and the free algebra functor (Observation B.4))), the latter category is equivalent

to
Alg(Cat™™) X\ 11 @aieotimy) Arr(€at x Alg(Cat!™)) x
~ Arr(Cat) x o RMod(€at*™).

Unwinding these equivalences, the pullback of the middle left square is equivalent to the full
subcategory

[ (Pry)x) i= 8 xg=; Arr(€at) x o= RMod(Pr) C Arr(€at) x g RMod(€at*™).

© zcolim
Caix Alg(@ateotimy RMod(Cat™™™)

Lastly, the top left square is a pullback since a functor X — M with M € Pry defines a
marked module if and only if the induced functor P(X) @ V — M is internally left adjoint
and colimit-dominant by

Since the functor C@t / Alg(Pr) — Cat creates weakly contractible limits and in particular
pullbacks (Reminder A.1l|and |Proposition A.3| (1)), it suffices to show that all categories
in the above diagram are coCartesian fibrations over Alg(Pr) and all functors are maps of
coCartesian fibrations.

The bottom horizontal functor is formally defined as the composite of the presheaf category
functor P : § C Cat — Pr and the free module functor Pr x Alg(Pr) ~ Algp, 1 ass(Pr) —
Algry(Pr) induced by the inclusion of operads TrivU Ass < RM. A morphism in 8§ x
Alg(Pr) — Alg(Pr) is coCartesian if its projection to 8 is an equivalence. On the other
hand, a morphism (V — W, My — Ny) in RMod(Pr) — Alg(Pr) is coCartesian if the
induced functor M ®y W — N is an equivalence. Hence, the bottom horizontal functor is
a map of coCartesian fibrations over Alg(Pr). A morphism in Arr(Alg(Pr)) is coCartesian
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if the corresponding square in Alg(Pr) is a pushout square, hence the functor Alg(Pr) —
Arr(Alg(Pr)) is a map of coCartesian fibrations. Since Arr(RMod(Pr)) — RMod(Pr) is
itself a coCartesian fibration, it follows that Arr(RMod(Pr)) — RMod(Pr) — Alg(Pr) is a
coCartesian fibration and the first functor is a map of coCartesian fibrations over Alg(Pr).
Using that Arr(RMod(Pr)) — Arr(Alg(Pr)) is a coCartesian fibration by [Luri8al Tag 01VG],
the same argument shows that it is also a map of coCartesian fibrations over Alg(Pr). Finally,
the full inclusion [y Arr'™¢d°™ (Pry) — J Arr(Pry) is a map of coCartesian fibrations by
Since all squares are pullbacks, all remaining functors are also morphisms of
coCartesian fibrations. |

We will also often use the following equivalent rephrasing of [Proposition 6.25}

Observation 6.26. Analogous to [Observation 6.16| let

8 xpy_ Arr(Pr_) : Alg(Pr) — Cat
denote the straightening of the coCartesian fibration

(8 x Alg(Pr)) XRMod(Pr) Arr(RMod(Pr)) X Arr(Alg(Pr)) Alg(Pr) — Alg(Pr) .

|Proposition 6.25| exhibits Mod{_, : Alg(Pr) — Cat as a full subfunctor of § xp,_ Arr(Pr_).
At a fixed V € Alg(Pr), the inclusion agrees with the one from [Proposition 6.4

6.3. Functorial comparison of enriched categories and marked modules. We now
make the equivalence between marked modules and enriched categories from §5| functorial in
the space of objects and in the enriching category. This functorial comparison is necessarily
somewhat technical and will crucially rely on results from [Hei23]. The reader not interested
in the technical details of this comparison may safely skip this section; its main
will be later used as a blackbox to relate marked modules and enriched categories.

For an operad O and a space X, Gepner and Haugseng define in [GHIS, §4.3] a valent
V-enriched category (in loc.cit. referred to as a categorical algebra) with space of objects X
as a AP -algebra in O for a certain generalized operad AY. By definition, this assembles
into a functor

vCat(_y(—) : 8°P x Oppys — Cat
sending a pair (X, 0) to Algae (0).

Notation 6.27. We let @_( —): 8P x Op Ass — Cat denote the large variant of the functor
in [GH15], and write 11(3at1("1_”)gc SPC(_) 1 §° x Alg(Pr) — Cat for its restriction along the
subcategory inclusion Alg(Pr) — @ASS and (abusing notation) vCat(_y(—) : 8°P x Alg(Pr) —
Cat for its further restriction to small spaces. We write vCat'*"° SPe(—) : Alg(Pr) — Cat
and vCat(—) : Alg(Pr) — Cat for the respective unstraightenings in the $-direction and

VENTIarge spe — & X Alg(Pr) and vEnr — 8§ x Alg(Pr) for the corresponding two-sided
fibrations.

Reminder 6.28. In [Hei23|, Heine identifies maps of generalized operads AY — V with
algebras in a certain generalized operad Quiv y (V). This was originally defined in [Hin20];
and both definitions are equivalent by [Mac21], see also [Hei23| Prop. 4.20]. Moreover, if V is
presentably monoidal, this operad Quiv y (V) is itself a presentably monoidal category [Hin20),
Theorem 4.4.8], [Hei23| Lem. 4.34]. By [Hin20), Def. 3.4.1], Quivy (V) has a canonical left
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actiorﬂ on Fun(X°P, V) which by [Hin20, Prop. 4.5.3] identifies it with the endomorphism
algebra Endy (Fun(X°P,V)) for the Pr action on Pry. In particular, the induced equivalence
Algage (V) == Alg(Quivy (V) ~ Alg(End3 (Fun(X°P,V))) identifies valent enriched categories
in the sense of [GH15| with

In [Hei23, Not. 4.21] Heine also combinatorially defines a left action of Quivy (V) on
Fun(X°P, V), which agrees with the above canonical action by [Hei25]. This means that the
presheaf functor

Alg(Quivy (V) — Pry, € — LMode(Fun(X°P,V))

from [Hei23| Not. 4.32] agrees with our presheaf functor from [Definition 5.7

Proposition 6.29 ([GHI5, Prop. A.5.10]). For any X € § and f:V — W in Alg(Pr), the
induced functor vCatx (V) — vCatx (W) preserves colimits.

It follows that the two-sided fibration v€nr — § x Alg(Pr) classifying vCat_ (—) admits a
left adjoint by the following lemma:

Lemma 6.30. Let p: E — C x D be a two-sided fibration (c.f.[Reminder A-4)), such that the
fiber E, 4 for any ¢ € C,d € D admits an initial object (). 4 and the coCartesian transports
fi1 Ecq— Eq for any map f:d — d’' in D preserve initial objects. Then p admits a fully
faithful left adjoint, sending (c,d) to 0. 4. Moreover, this left adjoint C' x D — E is a map
of coCartesian fibrations over D.

Proof. We show that 0. 4 corepresents the functor Mapq, p((¢,d),p(—)) : E — 8. To this
end, we will show that for any e € E' the map

Map (Dc,a, €) =3 Mapey p(p(Oc,a), p(€)) ~ Mapey p((c, d), ple))

is an equivalence. First we prove it is surjective: Given (f,g) : (¢,d) — p(e) = (¢, d’)
in C' x D, since coCartesian transport preserves inital objects there exists a coCartesian
morphism 0. 4 — 0. ¢ over (ide, g). Also choose a Cartesian lift f ceg = D¢ g of (f,idg).
Since e € E, 4 there is a unique morphism (. 4 — €¢ covering the identity id. 4, and similarly
there is such a morphism @),/ ¢+ — e. Then the composition 0. 4 — eg — Oer g — b v — €
lies over (f,g).

We finish by proving p. is a monomorphism: Its fiber over (f,g) : (¢,d) — p(e) is given
by Mapg, (g10c.q€) =~ Mapyp,_, (90c.4, f*(e)) ~ Mapyp,_, (D¢, f*(e)) which is contractible
since (.4 € E. g is initial.

By construction, the unit of this adjunction is invertible. Moreover, a morphism (f, g) :
(¢,d) — (d,d') in C x D is coCartesian over D iff f is an isomorphism; by the above
description this gets sent to the coCartesian transport 0.4 — 0.4 = 0c.a- O

Corollary 6.31. The functor v€nr — 8§ x Alg(Pr) admits a fully faithful left adjoint
Free(—, —) : 8§ x Alg(Pr) — v€nr
which is a map of coCartesian fibrations over Alg(Pr).

Proof. For (X,V) € 8x Alg(Pr), by[Reminder 6.28|the fiber identifies with Alg(Endy(P(X)®

V)), which admits an initial object by [Lurl7, Prop. 3.2.1.8|; the trivial algebra. Moreover,
coCartesian transport by [Proposition 6.29| preserves initial objects. The statement then
follows from [Lemma 6.30 O

4The conventions for compositions in enriched categories in [Hei23| and [Hin20] are opposite to ours,
which is why we use left modules where they use right modules.
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Observation 6.32. It follows from [Corollary 6.31] and [Example A.12| that the adjunction
8 x Alg(Pr) 2 vénr is a relative adjunction over Alg(Pr) in the sense of [Definition A.1(

We will now use results from to make the presheaf functor Py : vCatx (V) — Pry
from [Definition 5.7 functorial in X and V.

Proposition 6.33 (cf. [Hei23, BM24]). There is a commutative diagram of coCartesian
fibrations over Alg(Pr)

vénr Fenr RMod(Pr)
Free ‘——\ % —P(X)®Vy '
8 x Alg(Pr)

equivalently a diagram of natural transformations between functors Alg(Pr) — Cat:

Ueat :> Pr_

Moreover, the following hold:

(1) For every V € Alg(Pr) and X € 8, the composition
vCatx (V) — vCat(V) o) RMody (Pr)
agrees with the presheaf functor from [Definition 5.7 under the equivalence vCat x (V) ~
Alg(Endy (Fun(X°P,V))) from [Reminder 6.28
(2) The functor Pen, is a partial left adjoint'”| of a functor x : RMod(Pr) = vE€nriarge spe-

The unit € — X (Pen:(C)) of this partial adjunction is sent to an isomorphism by
vﬁnrlarge spc — Alg(Pr). (In other Words Peonr is a relative partial left adjoint over

Alg(Pr) in the sense of Deﬁmtlon A.10
Proof. In [Hei23, Not. 4.40] Heine defines a functor uvCat(_y(—) : Oppg X8 — Cat which

contains vCat(_y(—) as a full subfunctor. We denote by mrAA — OpAsb x 8 the two-

sided unstraightening of its large variant and by wvEntiarge spe — Alg(Pr) x $ its restriction
to Alg(Pr). By [Lurl8al [Tag 01VB| we obtain a fully faithful map of two-sided fibrations

VENTlarge spe © WUENTIarge spe- By [Hei23, Rem. 4.41] @TA — OpASS is additionally a

Cartesian fibration, so the same is true for the pullback vanmarge spc — Alg(Pr).
Further Heine constructs in [Hei23, Thm. 4.59, see Prop. 3.33] a functor OpRM —

—

qum“@Aﬂ over § (where (%RM — § takes the maximal subgroupoid of the module com-

ponent) which by Lem. 4.65] is a map of Cartesian fibrations over C/);)ASS. Note

that Op,.-Cartesian morphisms in C/);)RM and Alg(Pr)-Cartesian morphisms in RMod(Pr)
are precisely the ‘restriction of scalars’ morphisms, i.e. those whose module-component is
an isomorphism, c.f. Prop. 3.32] and Cor. 4.2.3.2] respectively. Hence, the

subcategory inclusion RMod(Pr) — Alg(Pr) X G Oprwm is a map of Cartesian fibrations

15A functor G : D — C admits a partial left adjoint on a full subcategory Co C C' it there exists a functor
F : Co — D and an isomorphism Mapp(F(co),d) ~ Mapg(co, G(d)) that is natural in ¢g € Co,d € D. As
for ordinary adjunctions this uniquely specifies the partial left adjoint F'; and it exists iff for any cg € Cp the
presheaf Mapg (co, G(—)) € P(D) is representable. See §3].
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over Alg(Pr). Consequently the composite RMod(Pr) — wvEnriarge spe is also a map of
Cartesian fibrations over Alg(Pr). By [Hei23| Cor. 6.13], it factors through the full subcate-
gory vENTarge spe- Since full inclusions of Cartesian fibrations reflect Cartesian morphisms,
we obtain a diagram

RMOd(PI‘) X 'Uenrlarge spc

\\\\ (/// ,

§ x Alg(Pr)

where y is a map of Cartesian fibrations over Alg(Pr), and where RMod(Pr) — § once again
sends M — M=™.

It is shown in [BM24] that for a fixed V € Alg(Pr), the induced functor RMody (Pr) —
vCat'™8° *P°(V) admits a partial left adjoint on the full subcategory vCat(V) which sends a
C € vCat(V) to Py(C). Since we need this left adjoint to agree functorially with our presheaf
functor from we will explicitly unpack this adjunction: By [Hei23| Proposition
4.64 and Theorem 5.1] (using functoriality of the comparison functor ¥ from |[Hei23, Not.
5.13, 5.14, 5.17]), it follows that for M € Pry and any fixed X € §, the following functors
are equivalent:

Map, ety oo (v)(— X (M) =~ Funky (Py (=), M) : vCat x (V)P — 8.

Hence, the induced functor xy : RMody (Pr) — vCat'®*8® SP¢(V) admits a partial left adjoint
on the full subcategory vCat(V) C vCat'™™ *P¢(V). Moreover, at a fixed X € 8 and
V € Alg(Pr), this left adjoint vCatx (V) — RMody(Pr) is given by the presheaf functor which
according to[Reminder 6.28 agrees with our presheaf functor from [Definition 5.7] Analogous to
[Lurl7, Prop. 7.3.2.6], it follows that the map of Cartesian fibrations x : RMod(Pr) — vEnr
over Alg(Pr) admits a partial left adjoint Peyy : vERT — RMod(Pr) relative to Alg(Pr) which
is automatically a map of coCartesian fibrations.

Using that § x Alg(Pr) — RMod(Pr) is partially left adjoint to RMod(Pr) — § x
Alg(Pr), My — (M=, V), taking (partial) left adjoints at 8 x Alg(Pr) C § x Alg(Pr) of the
above commuting diagram then results in the commuting diagram in the statement. The
fact that the diagonal functors are maps of coCartesian fibrations over Alg(Pr) follows from
[Corollary 6.31| and [Proposition 6.25| O

We will now show that the presheaf functor Pey,, : v€nr — RMod(Pr) induces a functor
over 8 x Alg(Pr) from vEnr to the two-sided fibration fé((Prv)X/ — 8 x Alg(Pr) from
classifying the functor (X,V) — (Pry)x,. In other words, for any € € vEnr
there is a marking 0bC — Py(C€) which is functorial in 0bC and V.

Proposition 6.34. The presheaf functor Pey, : vEnr — RMod(Pr) from |[Proposition 6.33|
lifts to a commutative diagram

?;Ill‘
vénr f\);(PrV)X/

o~

8 x Alg(Pr)

of maps of coCartesian fibrations over Alg(Pr). Equivalently, the natural transformation
Py (=) : v€at(—) = Pr_ from [Proposition 6.33|lifts to a commutative diagram of natural
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transformations between functors Alg(Pr) — Cat (see [Observation 6.26| for notation):

vCat(— _)x; =8 xpr_ Arr(Pr_)

\/

Moreover, at a fixed X € § and V € Alg(Pr), the induced functor vCatx (V) — (Pry)x/,
agrees with the functor from

Proof. Recall from [Proposition 6.25|the equivalence between [ (Pry)x , and
(8 x Alg(Pr)) X RMod(Pr) Arr(RMod(Pr)) X Arr(Alg(Pr)) Alg(Pr).

By|Observation A.9[there is a functor vEnr — (8 x Alg(Pr)) X yen, Arr(vénr) over 8 x Alg(Pr)
sending a C € vEnr to the counit of the adjunction from The commutative
diagram from |[Proposition 6.33|induces a functor

(8 x Alg(Pr)) Xygnr Arr(vEnr) — (8 x Alg(Pr)) XrMod(pr) Arr(RMod(Pr))

over 8 x Alg(Pr). By [Observation 6.32] the composite of these two functors factors through
the full subcategory

(8 x Alg(Pr)) XrMod(pr) Arr(RMod(Pr)) X arr(alg(pr)) Alg(Pr)

on those arrows whose underlying arrow in Alg(Pr) is invertible. Since this pullback is by
[Proposition 6.25| a limit of coCartesian fibrations over Alg(Pr), to verify that the induced
functor from vEnr preserves coCartesian morphisms, it suffices to show that the projections
vE€nr — 8§ x Alg(Pr) and v€nr — Arr(RMod(Pr)) N RMod(Pr) preserve coCartesian
morphisms. But the former follows since it is a two-sided fibration and the latter follows
from |[Proposition 6.33}

For a fixed X € 8§ and V € Alg(Pr), the so constructed functors unwinds fiberwise to
the functor vCatx (V) ~ vCatx (V)pree(x,v); — (Prv)px)v, sending € € vCatx (V) to the
counit P(X)®@V — Py (C) of the adjunction 8§ x Alg(Pr) = RMod(Pr) at Py(€) € RMod(Pr),
which is how we had constructed EM in [Construction 4.1l ]

Proposition 6.35. For V € Alg(Pr) the horizontal functor in the commutative diagram
from |[Proposition 6.34]

Px

N

admits a right adjoint. The unit of this adjunction is sent to an equivalence by vCat(V) — 8
(i.e. P% is a relative left adjoint over 8 in the sense of [Definition A.10)).

vCat( ~ 8 Xpy, Arr(Pry)

Proof. By construction, P3, is the composite

vCat(V) — 8 Xyear(v) Arr(vCat(V)) — 8 Xpyy, Arr(Pry)
where the first functor is induced per [Observation A.9| by the counit of the adjunction
8 & vCat(V) and the second functor is given by composing with Py(—) : vCat(V) — Pry.
Abbreviating @(\7) = v@atlarg/ej)c(\?), this functor Py : vCat(V) — Pry is a partial left

adjoint of a functor xvy : Pry — vCat(V) (using the induced partial adjunction on fibers over
V € Alg(Pr) from [Proposition 6.33[(2)). Thus, the second functor in the composite defining
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P% is a partial left adjoint of the functor 8§ xp,, Arr(Pry) — 8 x — SEai(v) Arr(@(\?)) induced

by xv, relative to 8. Since U(?at( ) — $ is a Cartesian fibration, it follows from [Lemma A.14

that the functor @( V) = 8 X —— Arr(@( V)) admits a right adjoint over 8. Pulling

vCat(V)
back to 8 < 8, this results in an adjunction 8§ x — SEa(v) Arr(vCat(V)) = vCat(V) whose left
adjoint factors through the full subcategory 8 x,eqi(v) Arr(vCat(V)) and whose unit is send
to an isomorphism in 8. Thus, the composite

8 xpry Arr(Pry) — 8 x —  Arr(vCat(V)) — vCat(V)

vCat(V)
defines a right adjoint to P}, whose unit is sent to an isomorphism in 8. O

Remark 6.36. The right adjoint of P3 sends an (X — M) € f (Pry)x, to the internal
end in Alg(Endy(P(X) ®V)) ~ vCatx (V) of the induced V-linear colimit-preserving functor
in Fun}(P(X) ® V, M) with respect to its right Endy(P(X) ® V) action induced by post-
composition. Indeed, for a fixed X € 8§ by |Observation A. 11| the restriction of the right
adjoint of P% : vCat(V) — f (Pry)x, along (Prv)X/ — f (Pry)x, agrees with the right
adjoint of the ﬁberw1se vCatx (V) — (Pry)x, and is by therefore given by the

above description.

Theorem 6.37. The functor P%, . : v€nr — fé( (Pry)x/ is fully faithful with image the full
subcategory Mod*. In other words, the presheaf functor induces an equivalence vE€nr ~ Mod*
over 8§ x Alg(Pr).

Proof. Since P%,, is a map of coCartesian fibrations over Alg(Pr) by |Prop0sition 6.34} it
suffices to show that for a fixed V € Alg(Pr) the induced functor vCat(V f (Pry)x/ is
fully faithful with image Mody,. By this functor has a rlght adjoint whose
unit is sent to an equivalence in 8. In particular, the unit at a € € vCat(V) is a morphism in
the fiber vCatype (V) over 0bC € § and is in fact the unit of the induced fiberwise adjunction
vCatope (V) = (Prv)ob@/ (cf. [Observation A.11). By [Proposition 6.34| the left adjoint of this
fiberwise adjunctlon is the fully faithful functor from [['heorem 5.5/ and hence has invertible

unit. Thus, vCat(V f (Pry)x, is fully faithful with image characterized fiberwise by
[Theorem 5.5 O

Observation 6.38. In particular, [Proposition 6.34] constructs a natural transformation
(with notation as in [Observation 6.26))

P* 0Cat(—) = 8 xp,_ Arr(Pr_) : Alg(Pr) — Cat

and [Theorem 6.37| establishes that it is fully faithful at each V € Alg(Pr) with full image
Mody C 8 xpy, Arr(Pry).

6.4. Properties of presheaves. Using the functorial identification of enriched categories
and marked modules, we obtain a number of immediate corollaries.

Observation 6.39. Unwinding [Proposition 6.34} for a V € Alg(Pr), the presheaf functor
Py : vCat(V) — Pry is equivalent to the composite

vCat(V) ~ Mod3, C Arr(@at) X gz Pry — Pry .

By [Proposition 6.4} it factors through the subcategory Prv

Proposition 6.40. The functor Py : vCat(V) — Pr§ preserves colimits, and thus by
[Proposition 3.43|so does the composite vCat(V) — Priy’ — Pry.

40



Arredom (pril) = Pri¥. The functor Arr®™(Pri}) — Arr(Prly) preserves colimits by

and so do the projections src, tgt : Arr(Priy) — Pri since colimits are computed
pointwise in arrow categories. Moreover, the functor 8 — Priy sending X — P(X)® V is the
composition of § < Cat, P : Cat — Pr and the free functor Pr — Pry, all of which preserve
colimits. Thus, Mod?, — Arerom(Pr%) is by a pullback of colimit-preserving

functors and hence colimit-preserving. The functor Mod}, — Arrde™(Pri}) N Priy is
therefore a composite of colimit-preserving functors. |

Proof. Following [Proposition 6.4}, this functor is equivalent to the forgetful functor Mod3, —
Obsel]

Corollary 6.41. Suppose f:V — W is a morphism in Alg(Pr). If f is fully faithful, then
the following hold:

(1) The change of enrichment functor fi : vCat(V) — vCat(W) is fully faithful with image
those W-enriched categories whose graph factors through V C 'W;

(2) For € € vCat(V), the functor Py(C) — Pw(fi€C) ~ Py(C) @y W induced from
coCartesian transport along f is fully faithful.

If instead fR® : W — V is fully faithful, then the following hold:
(3) The change of enrichment functor fR : vCat(W) — vCat(V) is fully faithful with
image those V-enriched categories whose graph factors through W C V;

(4) For C € vCat(V), the functor Py (fRC) — Pw(C) induced from Cartesian transport
along f admits a fully faithful right adjoint.

Proof. For (1) and (3), by |Corollary 6.19] f and ff are maps of coCartesian and Cartesian
fibrations respectively, and by [Proposition 2.37] they are fiberwise fully faithful, hence they

are fully faithful by |[Lurl8a, Tag 01VB]. Property (2) follows from [Corollary 5.11] For (4),
note that this map factors through the counit

Py(fRC) =~ Py(fRC) @y V — Py (fRe) @y W ~ Py(fifRC) — Pw(C).

This counit fi ff — Id,eq¢(w) is an isomorphism by (3). Using and the fact that
localizations are closed under colimits as the left class in a factorization system on Pr [Yan22,

Prop. 2.13], it follows that the first map is a localization. O

Definition 6.42 (J[GHIS, Def. 5.3.1]). A functor of valent V-enriched categories F': € — D
is called fully faithful if for all ¢,¢’ € 0bC, the induced map on graphs Home(c,¢') —
Homqp (Fe, F¢') is an isomorphism in V.

Proposition 6.43. Let V € Alg(Pr). For a morphism F': € — D in vCat(V), the following
are equivalent:

(1) F is a fully faithful functor of V-enriched categories.
(2) Py(F): Py(C) = Py(D) is fully faithful.
(3) F is a Cartesian morphism with respect to the Cartesian fibration vCat(V) — 8.

Proof. (2) < (3) is[Observation 6.8 and (2) = (1) follows from the first part of [Lemma 3.33
Since Py (C) is atomically generated by the image of the Yoneda embedding 0bC — Py (C)

and Py (F) is internally left adjoint by (1) = (2) follows from the second
part of [enmma 3.3 0

Definition 6.44. A functor of valent V-categories F' : € — D is called surjective on objects
if the underlying map of spaces 0bC — 0bD is surjective on connected components.
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Lemma 6.45. If F': ¢ — D in vCat(V) is fully faithful and surjective on objects, then
Py (€) = Py(D) is an equivalence which restricts to an equivalence between the full images
Im(obC — P(V)) = Im(0bD — Py(D)).

Proof. The functor Py (C) — Py (D) is fully faithful by [Proposition 6.43} restricting to a fully

faithful functor Im(0bC) — Im(0bD). By assumption, this restricted functor is also surjective
and hence an equivalence. Thus, Py (C) is a full subcategory of Py (D) which is closed under
colimits and V-tensoring and which contains the atomically generating full image of 0bD.
Hence, it is all of Py (D). O

Lemma 6.46. If f : V — W is a morphism in Alg(Pr), the change-of-enrichment functor
fi:vCat(V) — vCat(W) preserves the classes of fully faithful functors and of surjective-on-
objects functors.

Proof. Since f, does not change spaces of objects, preservation of surjective-on-objects
functors is clear. For fully faithful functors combine [Lemma 6.2 with [Proposition 6.43] [

7. UNIVALENCE AND FLAGGED CATEGORIES

In this section, we re-develop and re-prove various concepts and statements from [GHI5]
surrounding univalent (aka Rezk-complete) enriched categories from the perspective of
marked modules, both to demonstrate the usefulness of this language and for future use.

7.1. Univalence. For a valent V-enriched category C, the Yoneda embedding J:% 1 0bC —
Pv(€) is not a subcategory inclusion, i.e. there can be isomorphisms in Py (€) between the
image of J:% that are not present in the space 0bC.

A valent V-enriched category € has two notions of ‘isomorphism’; paths in the space
0bC, or isomorphisms in Py (€) between representable presheaves. We now define univalent
enriched categories, where these two notions are forced to coincide.

Definition 7.1. Let V € Alg(Pr). A valent V-enriched category € € vCat(V) is called
univalent if the map X% : 0b@ — Py(C) is a subcategory inclusion (i.e. a monomorphism in

Cat by [Luri8al Tag 04W5|). Explicitly, this means that &Y exhibits 0bC as the maximal
subgroupoid Im(0bC — Py (€))= of the full image of 0bC in Py (C). We write Cat(V) C vCat(V)
and Enr C vénr for the full subcategories on the univalent enriched categories.

In below, we will show that this coincides with the ‘complete V-enriched
categories’ of [GHI5].

Observation 7.2. Our equivalence vCat(V) ~ Mod3, therefore exhibits Cat(V) as the full
subcategory of Arr(Cat) Xz Pry on those functors XV : X — M for which X is a space,
and for which XV atomically generates and is a subcategory inclusion.

Proposition 7.3. For € € vCat(V) and univalent D € Cat(V), the enriched presheaf functor
Py : v€at(V) — Pry from |[Observation 6.39|induces a monomorphism on mapping spaces

Mapv@at(V) (87 D) — MapPrv (UJV(G)7 TV('D))

exhibiting the former as the full subspace on those functors Py (C) — Py (D) which send
representable presheaves (i.e. objects in the image of X% : 0b€ — Py(C)) to representable
presheaves.
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Proof. Identifying vCat(V) via[Theorem 6.37|with the full subcategory Mody, of Arr(éd\t) X ga1
Pry, identifies Map,c,;(v)(C, D) with the pullback

Mapv@at(\?)(ea D) ————— Mapg;(0bC, 0bD)
T |
Mapp,., (Pv(€), Pv(D)) —— Mapg; (0bC, Py(D))

By assumption, 0bD — Py (D) is a monomorphism in Cat and hence the right vertical map
is a monomorphism in 8. Thus, so is the left vertical map. ([l

Warning 7.4. In other words, shows that the composite functor Cat(V) C
vCat(V) — Pry is faithful, a fact which is not true for vCat(V) — Pry. We warn the reader

that Cat(V) — Pry is not a monomorphism in @, i.e. a subcategory inclusion: Indeed,
an equivalence Py (€C) — Py (D) amounts to a Morita equivalence between the enriched
categories which does not necessarily come from an equivalence of enriched categories € — D.

Remark 7.5. implies that if D € Cat(V) is univalent, then it is a property
of a morphism Py (€) — Py (D) in Pry to come from an enriched functor € — D (instead of

extra structure which needs to be specified in the form of a map 0bC — 0bD).

A univalent marked module may therefore equivalently be described as an M € Pry
equipped with a subset A C moM= (of ‘representable presheaves’) which atomically generates,
and a morphism of univalent marked modules as a morphism F' : M — N in Pry with the
property that it preserves the chosen subsets.

Notation 7.6. For a functor F : C — D between (non-enriched) categories, we let Im(F')
denote the full image.

Definition 7.7. The univalization uC € Cat(V) of a valent V-enriched category € € vCat(V)
is the enriched category associated via to the marked module

i (X% : obe ?V(e))z S Py(e).

Proposition 7.8. Univalization defines a left adjoint to the full subcategory inclusion
Cat(V) < vCat(V).

Proof. Using the functor (—)= : Pry — Cat — 8, we may identify Mod3 and hence vCat(V)
with the full subspace of Arr(8) xg Pry on those M € Pry and maps of spaces X — M~
whose image atomically generates M. By definition, Cat(V) then identifies with the pullback

-~

of this full subspace to Arr™"°(8) xg Pry. The (-1)-connected/(-1)-truncated factorization
system on 8 by [Lur09, Lem. 5.2.8.19] induces an adjunction Arr™om(8) s Arr(g) whose left
adjoint sends a map of spaces f: X — Y to the full subspace inclusion Im(f) — Y. This
in turn induces an adjunction Arrmono(g) xg Pry S Arr(g) xg Pry which restricts to an
adjunction between the relevant full subspaces, given by our claimed expression for «C. O

Observation 7.9. Unwinding the unit € — uC€ of the adjunction Cat(V) =
vCat(V) corresponds to the map of marked modules

0b@ ——— Tm( &%)

| !

Py(C) == Pv(C)
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We now show that univalence in the sense of agrees with the notion of
‘completeness’ from [GH15, Def. 5.2.2]. For this, we establish the following variant of [GH15|
Cor. 5.6.4].

Theorem 7.10. The reflective subcategory Cat(V) C vCat(V) agrees with the localization
vCat(V)[FFS™] at the class FF'S of enriched functors that are fully faithful and surjective
on objects.

Proof. Tt suffices to verify that u : vCat(V) — Cat(V) sends F'F'S-morphisms to isomorphisms
in Cat(V) and that the unit € — uC is in FF'S. The former follows from [Lemma 6.45 and
the latter is immediate from [Observation 7.9 O

Corollary 7.11. The full subcategory Cat(V) C vCat(V) coincides with the full subcategory
on the ‘complete V-enriched categories’ in the sense of [GH15, Def. 5.2.2].

Proof. Let Cat(V)“H C vCat(V) denote the full subcategory of ‘complete V-enriched cate-
gories’ in the sense of [GHI15] Def. 5.2.2]. In [GH15] Def. 5.3.3] defines a notion of ‘essentially
surjective functor’ between enriched categories and it is shown in [GHI15), Cor. 5.6.4] that
Cat(V)H is the localization of vCat(V) at the essentially surjective and fully faithful functors.
Since any functor which is surjective on objects in the sense of [Definition 6.44]is in particular
essentially surjective (but not vice versal), it follows that Cat(V)“# C Cat(V). On the other
hand, [GHI5, Def. 5.1.6] defines a map of V-enriched categories s° : B — E° and [GHI5),
Prop. 5.4.1] shows that Cat(V)“H is also the localization of Cat(V) at the single morphism
s%. Since the underlying map of spaces of s? is by definition * LI + — %, s¥ is in particular
surjective on objects and fully faithful and hence Cat(V) C Cat(V)“H. O

Remark 7.12. Using|[Corollary 7.11] we may express Gepner-Haugseng’s notion of essential
surjectivity in terms of marked modules as follows: A functor € — D of valent V-enriched
categories is essentially surjective in the sense of [GH15, Def. 5.3.3] if and only if the map of
spaces

~

0bC — Im (ct\;) L obD — ?V(p))

is surjective on connected components.

Indeed, inspecting the proof of [GH15, Prop. 5.3.9], it follows that if F : € — D and
G : D — € are enriched functors and G is fully faithful and essentially surjective, then F is
essentially surjective if and only if G o F' is. In particular, € — D is essentially surjective
if and only if € - D — uD is. Using [GHI5, Cor. 5.2.10], a functor into a ‘complete’
V-enriched category is essentially surjective if and only if it is surjective on objects. Since
the localizations Cat(V)“H C vCat(V) and Cat(V) C vCat(V) agree by we
therefore conclude that € — D is essentially surjective if and only if € — D — uD is
surjective on objects, which unpacks to the claimed characterization.

7.2. Flagged categories and valent enriched categories.

Definition 7.13. A flagged category is a category C equipped with a surjective functor
X — C from a space X. Denoting by Cat x/su:; € Catx, the full subcategory on the surjective
functors, we define the category of flagged categories

Feat := [~ Cat xsuri = 8 Xeat Arr®™(Cat) C Arr(Cat)

as the full subcategory on those surjective arrows in Cat that start at a space.
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Flagged categories were introduced in [AF18| as a model-independent interpretation of
non-complete (n-fold) Segal spaces. We now use marked modules to show that flagged
categories agree with valent S-enriched categories. In[Proposition 7.20, we will generalize this
to express a valent V-enriched category as a flagged univalent V-enriched category. Compare
|[Hei23, Cor. 6.28].

Construction 7.14. The associated marked S-module of a flagged category X — C'is the
marked module X — C' — P(C). This assembles into a functor FCat — Mody as induced by

the pullback presentation of Modg from [Proposition 6.4

Mody ——— Appiledom (Pr)

///‘r ‘ | /%7)

FCat ——— Arr™™(Cat)
|

src

Src Pr

/ 8 P(-)

Cat

N

Definition 7.15. Let V € Alg(Pr). The underlying flagged category of a € € vCat(V) is the
surjective functor 0bC — Im (&7 : 0b€ — Py(€)) into the full image of XY.

Proposition 7.16. Let V € Alg(Pr) and let ¢ : 8 — V in Alg(Pr) denote its unit. The
composite

FCat — Mod} ~ vCat(8) > vCat(V)
admits a right adjoint, which sends a valent V-enriched category € to its underlying flagged
category obC — Im (XY, : 0bC — Py(€)) .

Proof. Using we work at the level of marked V-modules. From [Example 6.15
and recall that under the equivalence the change-of-enrichment
functor f : vCat(V) — vCat(W) for a f : V — W in Alg(Pr) sends a marked V-module
X = Mto X - MeyW. Let X — C be a flagged category with image under FCat — Mod3,
given by (X — P(C) ® V) € Mod}, and let &V : Y — M be a marked V-module. Consider
the diagram

X Y
Mapse, (L, 1 > —— Mapg(C,Im(&)) —— Mapg(C,M)

| | |

Mapg(X,Y) ——— Mapé;;t(X,Im(J:)) —_— Mapéa\t(X,M)

The left square is a pullback by definition of the mapping spaces of FCat. Orthogonality
of surjective and fully faithful functors of (large) categories shows that the right square is
a pullback since X — C is surjective and Im(XV) — M is fully faithful. Thus, the total
square is a pullback and hence

X Y
Mapye (gg,l ({W)) ~ Mapg (X, Y') XMapg, (x,n) Mapgg; (C, M)

Lem. [2:25] X Y
> Mapg (X, Y) Xmap ., (x,0) Mapp,., (P(C) ® V, M) =: Mapyjoq: <? Lo i) .
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Inspecting the unit and counit of this adjunction, we conclude that FCat — Mody =~
vCat(8) is an equivalence:

Theorem 7.17. The associated-marked-8-module functor FCat — Modg ~ vCat(8) from
|Construction 7.14|is an equivalence.

Proof. Let (X — C) €FCat. The unit of the adjunction fromis the map of
flagged categories (X — C) = (X — Im(&k : C — P(C))). Since C — P(C) is fully faithful,
this is an isomorphism. Conversely, let (f : Y — M) € Modgs. The counit of the adjunction
from [Proposition 7.16|is the map of marked 8-modules (Y — Im(f) — P(Im(f))) = (Y —
M). Since the image of f consists by definition of completely compact (i.e. 8-atomic) objects
and generates under colimits, it follows from [Lur09, |Cor. 5.1.6.11] that P(Im(f)) — M is an
equivalence and hence that the counit is invertible. O

Observation 7.18. Let V € Alg(Pr) with unit ¢ : § =V in Alg(Pr). It then follows from
[Proposition 7.16| that after identifying vCat(8) ~ FCat, the change-of-enrichment functor
i s vCat(V) — vCat(8) ~ FCat sends a € € vCat(V) to its underlying flagged category
0b€ — Tm( XY : 0bC — Py(€)).

may be generalized to V-enriched categories as follows:

Definition 7.19. A flagged V-enriched category is a univalent V-enriched category € together
with a space X and a map of spaces X — obC which is surjective on components. Let
FCat(V) := Arr®"(8) xs Cat(V) denote the category of flagged V-enriched categories.

Proposition 7.20. For V € Alg(Pr), FCat(V) ~ vCat(V).

Proof. Use the equivalence vCat(V) ~ Mod? and identify the latter as a full subcategory of
Arr(8) xg Pry (where the pullback is along the target projection and (=)~ : Pry — Cat — §).
Using the (—1)-connected/truncated (aka epi/mono) factorization system on 8, one finds

that Arr(S) ~ Arr®"(8) xg Arr™"?(8) compatible with the source and target projection. It
is then immediate to see that the induced equivalence

Arr(g) xg Pry ~ Arr®" (g) Xg Arrmone(§) X g Pry
restricts to one between the full subcategories v€at(V) and Arr®(8) xg Cat(V). O
7.3. Univalence via the underlying flagged category.

Definition 7.21. A flagged category (X — C) is undvalent if this functor is a monomorphism
in Cat, or equivalently if the induced map X — C~ to the maximal subspace of C is an
equivalence in 8.

Corollary 7.22. Let V € Alg(Pr) and € € vCat(V). Then, € is univalent in the sense of
if and only if its underlying flagged category is in the sense of
Proof. A € € vCat(V) is univalent if X% : ob€ — Py(€) is a monomorphism which is
equivalent to requiring 0bC — Im(XY%) to be a monomorphism. O

Observation 7.23. The target projection FCat — Cat admits a right adjoint sending C'
to (C= — (). This exhibits Cat C FCat as the full subcategory on the univalent flagged
categories.

Corollary 7.24. The equivalence vCat(8) ~FCat from [Theorem 7.17/induces an equivalence
between the full subcategories Cat(8) C vCat(8) and Cat C FCat.
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Proof. Immediate from [Corollary 7.22 O

Corollary 7.25. Let f : V — W be a morphism in Alg(Pr). Then, the change-of-enrichment
functor fR : vCat(W) — vCat(V) preserves and reflects univalence.

Proof. Let 1y : 8 — V and tyw : 8 — W denote the units of V and W. Then, by [Corollary 7.22]
combined with [Observation 7.18] a C € vCat(W) is univalent if and only if (:y)i1C € vCat(§)
is. The result then follows since f oty ~ tyw. O

Warning 7.26. The left adjoint fi : vCat(V) — vCat(W) does generally not preserve
univalence: For example consider the terminal functor f : V — % in Alg(Pr) for which
H(X = Py(€)) = (X = Py(C)®vy*) = (X — %), which is only univalent if X is contractible.

Corollary 7.27. Univalization induces a left adjoint to the full inclusion Enr C vEnr.The
composite Enr C v€nr — Alg(Pr) is a Cartesian and coCartesian fibration and univalization
u: Enr — vénr is a map of coCartesian fibrations over Alg(Pr). It follows that Enr has
limits and colimits and that Enr — Alg(Pr) preserves them.

Proof. For any morphism f : Vv — W in Alg(Pr), coCartesian transport f, : vCat(V) —
vCat(W) preserves fully faithful and surjective-on-objects functors by and hence
it follows from [GHI15, Prop. 5.7.4] that Enr — vEnr — Alg(Pr) is a coCartesian fibration
and that v : Enr — vEnr preserves Alg(Pr)-coCartesian morphisms. On the other hand,

Cartesian transport f! : vCat(W) — vCat(W) preserves univalence by |[Corollary 7.25 and

hence the restriction Enr C v€nr — Alg(Pr) is also a Cartesian fibration. The statement
about limits and colimits follows analogously to O

Observation 7.28. Unwinding the proof of |Corollary 7.27] for an f:V — W in Alg(Pr),
Cartesian transport is given by restricting f* : vCat(W) — vCat(V) to the full subcate-

gory Cat(W) while coCartesian transport is given by the composite Cat(V) C vCat(V) LIS
vCat(W) — Cat(W) with univalization.

Corollary 7.29. The coCartesian fibration Enr — Alg(Pr) straightens to a functor
Cat(—) : Alg(Pr) — Cat
and univalization assembles into a natural transformation u : vCat(—) = Cat(—).

Warning 7.30. It follows from that the full inclusion Enr — v€nr is not a
map of coCartesian fibrations over Alg(Pr). In particular, the inclusions Cat(V) C vCat(V)

do not assemble into a natural transformation Cat(—) = vCat(—) : Alg(Pr) — Cat (only a
lax natural transformation).

8. THE TENSOR PRODUCT OF ENRICHED CATEGORIES

One major advantage of working with marked modules is the simplicity with which one
can construct a tensor product of enriched categories and prove that is compatible with
colimits, which we will do in this section. We will compare this tensor product with the one
defined in [GHI5| Section 4.3|, [Hau23] in
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8.1. The external and internal tensor product of enriched categories. We identified
Mod* in [Proposition 6.25| as the full subcategory of

(8 x Alg(Pr)) XrMod(pr) Arr(RMod(Pr)) X arr(alg(pr)) Alg(Pr)

on those functors P(X) ® V — M which are colimit-dominant and internal left adjoint.

Hence by there is a fully faithful functor
vEénr — (8 x Alg(Pr)) Xgrmod(pry Arr(RMod(Pr)) X arr(alg(pry) Alg(Pr)

sending a valent V-enriched category C to its underlying space of objects 0bC, its enrichment
category V, and the V-linear colimit-preserving extension of its Yoneda functor (P(X)®V —
Pv(€)) € Arr(RMod(Pr)).

Construction 8.1. The category (8 x Alg(Pr)) Xgaod(pr) Arr(RMod(Pr)) X arr(alg(Pr))
Alg(Pr) inherits a symmetric monoidal structure from the Cartesian product on 8 and the
pointwise symmetric monoidal structure on Alg(Pr), RMod(Pr) and Arr(RMod(Pr)) induced

(see [Example B.3)) by Lurie’s symmetric monoidal structure on Pr.

We briefly explain that all relevant functors are indeed symmetric monoidal: The

functor 8 <+ Cat % Pr is a composition of symmetric monoidal functors by [Lurl7
Rem. 4.8.1.8]. The functor Pr x Alg(Pr) ~ Algr, L as(Pr) = RMod(Pr) sending (P, V)
to the free V-module P ® V is symmetric monoidal by [Observation B.4 The projec-
tions Arr(Alg(Pr)) ¥ Alg(Pr) and Arr(RMod(Pr)) = RMod(Pr) as well as the diagonal
Alg(Pr) — Arr(Alg(Pr)) are symmetric monoidal by the functoriality described in [Exam]
The projection RMod(Pr) — Alg(Pr) is symmetric monoidal by [Lemma B.2} Hence,
(8 x Alg(Pr)) X gmod(pry Arr(RMod(Pr)) X Arr(alg(pr)) Alg(Pr) is a limit of symmetric monoidal
categories and symmetric monoidal functors and hence itself symmetric monoidal.

Theorem 8.2. There is a unique symmetric monoidal structure X on the category vEnr
such that the fully faithful functor

vEnr — (S X Alg(Pr)) XRMod(Pr) AI‘I‘(RMOd(Pr)) XArr(Alg(Pr)) Alg(PI‘)
is symmetric monoidal.

Proof. Tt suffices to show that the unit and the binary tensor product of objects in the full
subcategory vEnr remains in the full subcategory. Indeed, its unit is 8§ — 8 which is in
v&nr and the tensor product of two objects in v€nr remains in vEnr by and
U

Definition 8.3. We refer to the symmetric monoidal structure X on v€nr from
as the external tensor product of enriched categories.

Observation 8.4. By definition, the external tensor product is set up so that the functor

ob:vénr — 8

sending a valent enriched category € to its space of objects and by [Observation 6.39| the
functor

Penr : vE€NT — RMod(Pr)
sending € to the right V-module P (C) are symmetric monoidal.

Observation 8.5. The unit of the external tensor product structure on vEnr is the terminal
8-enriched category B* with one object and contractible endomorphisms (with associated
marked module ({x} — 8) € Modg). For V,W € Alg(Pr), € € vCat(V) and D € vCat(W),
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their external tensor product € X D is enriched in V ® W, has space of objects 0bC x 0bD,
enriched presheaf category Py (C) ® Py (D) and Yoneda embedding given by

0bC x 0bD — Py(C) X Pw (D) — Py (C) ® Pw(D).
For x € 0bC and y € obD, it follows from that

Homy | (e)gp., (1) (£a @ &£V, =) ~ Homy () ( &y, =) @ Homy oy (&,Y, =)

By [Observation 2.43] it therefore follows that

Homewyp ((2,y), (2',y)) = Home(z, 2") @ Homp (y,y') € VO W.

Observation 8.6. The functor RMod(Pr) — Alg(Pr) is a coCartesian fibration of operads
and hence by |Corollary B.7| straightens to a la)ﬂ symmetric monoidal structure on the

functor Pr_ : Alg(Pr) — Cat. In particular, for any operad O it induces a functor
Algogg, (Pr) ~ Alg,(Alg(Pr)) — Algy(Cat),

i.e. for any V € Algpgg, (Pr), the category Pry := RMody(Pr) inherits an O-monoidal
structure.

Lemma 8.7. The symmetric monoidal functor
(8 x Alg(Pr)) XRMod(Pr) Arr(RMod(Pr)) X Arr(Alg(Pr)) Alg(Pr) — Alg(Pr)

is a coCartesian fibration of operads and the symmetric monoidal full subcategory v€nr is a
sub-coCartesian fibration of operads.

Proof. By all relevant functors are symmetric monoidal and the underlying
functor (8 x Alg(Pr)) X ryod(pr) Arr(RMod(Pr)) X Arr(alg(pr)) Alg(Pr) — Alg(Pr) is a coCarte-
sian fibration. Moreover, the underlying category of the symmetric monoidal subcategory
vEnr is closed under coCartesian transport. By it therefore suffices to show
that tensoring with objects in (8 x Alg(Pr)) Xgmod(pry Arr(RMod(Pr)) X arr(alg(pr)) Alg(Pr)
preserves Alg(Pr)-coCartesian morphisms. A coCartesian morphism over V — V' in Alg(Pr)
is of the form (X, V,P(X)®@V - M) = (X,V,P(X)®V — M ®vy V). So tensoring with
any other (Y,W,P(Y) ® W — N) yields

(X xY,VeW,P(X xY)2VeW - MaN)

|

(X XY, VOWPXXxY)@VW - My V)N~ (MN)Qvegw (V @ W))

which is once again determined by extension-of-scalars along V @ W — V' ® W and hence is
coCartesian. |

Construction 8.8. By the coCartesian fibration of operads from

straightens to a lax symmetric monoidal structure on the natural transformation from

[Observation 6.38¢

8 xpy_ Arr(Pr_) : Alg(Pr) — Cat
In particular, as in for any operad O and any presentably O ® E;-monoidal

category V this induces an O-monoidal structure on 8 xp;,, Arr(Pry).

161y fact, it factors through Cateolim where it is symmetric monoidal by Thm. 4.8.5.16|
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Corollary 8.9. The functor
vCat(—) : (Alg(Pr),®) — (Cat, x)

admits a unique lax symmetric monoidal structure for which the fully faithful natural
transformation -
vCat(—) = 8 xp,_ Arr(Pr_) : Alg(Pr) — Cat

from [Observation 6.38]is symmetric monoidal for the lax symmetric monoidal structure on
8 xp,_ Arr(Pr_) from [Construction 8.8

Proof. Immediate application of using [Lemma 8.7] and [Theorem 8.2] O

Using this lax symmetric monoidal structure, we immediately obtain the following corollary:

Corollary 8.10. For any operad O, and V € Algggp, (Pr) ~ Alg, Algg (Pr) a presentably
O ® E;-monoidal category, there is a unique O-monoidal structure on vCat(V) making the
fully faithful functor vCat(V) — 8 xpy, Arr(Pry) O-monoidal.

Definition 8.11. We refer to the O-monoidal structure from as the internal
O-monoidal structure on vCat(V).

Example 8.12. By Dunn additivity E, ~ E, 1 ® Ey, so if V € Algg (Pr) is E,-monoidal
then we obtain an E,,_;-monoidal structure on vCat(V), which we call the internal tensor
product. In particular, if V € CAlg(Pr) = Algg_ (Pr), then the internal tensor product is
also symmetric monoidal.

Observation 8.13. For O an operad and V € Algyqg, (Pr), the target projection 8§ xp,,

Arr(Pry) — Pry is O-monoidal by [Construction 8.8 Hence, it follows from [Corollary 8.10
that the presheaf functor

Py : vCat(V) — Pry

is O-monoidal.

Observation 8.14. Unwinding [Corollary 8.10} if V € Algpgg, (Pr) ~ Alg,(Algg, (Pr)) is
represented by a map of operads O — Alg(Pr), then the category of operators vCat(V)® of
the O-monoidal category vCat(V) is given by the pullback

vCat(V)® ——— venr®

Lo
0% —— Alg(Pr)®
By the decription of coCartesian morphisms in given colors Xi,...,X,,Y € O

and an n-ary multimorphism o € Mapg (X, ..., X,;Y) (i.e. a morphism in O% covering the
unique map (n) — (1) in Fin,), the induced operation is given by

® : Hv@at(vxi) = vCat(®;Vx,) (@q) vCat(Vy)

where X denotes the external tensor product, Vx,,Vy € Alg(Pr) and the morphism @), :
®;Vx, — Vy in Alg(Pr) are the operations of the O-algebra V in Alg(Pr).

In particular, for €; € vCat(V;), their internal tensor product ), C; has space of objects
[, ob€; and graph

Homg e, ((zi)i; (¥i)i) = ®a Home, (24, yi)-



In the terminology of [Lurl7, Def. 2.1.2.13|, asserts that the functor v&nr® —
Alg(Pr)® defines an Alg(Pr)-monoidal category. We now show that this Alg(Pr)-monoidal
category is compatible with colimits in the sense of [Lurl7, Def. 3.1.1.18].

We immediately recover the following main result from [Hau23| (for our notion of external
and internal tensor product, which we compare to those of [Hau23| in .

Theorem 8.15. For V,'W € Alg(Pr), the functor
X : vCat(V) x vCat(W) — vCat(V @ W)

induced by the external tensor product preserves colimits separately in both variables. In
particular, for V € Algogp, (Pr) and any n-ary operation a € Mapy(X1,...,X,;Y) in O,
the internal tensor product

X (®o¢)!
® : Hv@at(vxi) = vCat(®;Vx,) — vCat(Vy)
[e%
i

preserves colimits separately in each variable.

Proof. Let (Y — M) € Modjy be a fixed marked W-module. We now show that — X (Y —
M) : Mody, — ModY,gyy preserves colimits. First note that all functors in the diagram

8 =z 8
T(—)@Vl J{T(—)@V@W
Pry —QP(Y)W PI‘V®W
Arr(Pry) ZEF)EWoM), Arr(Prygw)

preserve colimits (since both the monoidal structure on Pr and the Cartesian monoidal
structure on 8 preserve colimits separately in both variables), and hence so does the induced
functor 8 xp;, Arr(Pry) — 8 Xpryg,, Arr(Prygw). Since the full subcategory inclusions

vCat(V) ~ Mody, C 8 xpy, Arr(Pry) are by [Corollary 6.5 closed under colimits, the result
follows. O

Equip Cat®im with the symmetric monoidal structure from [Lurl7l |Cor. 4.8.1.4] and note

that the subcategory inclusion Cat°im s Cat defines a lax symmetric monoidal functor (as
a right adjoint to a strong symmetric monoidal functor).

Corollary 8.16. The lax symmetric monoidal functor vCat(—) : Alg(Pr) — Cat from
Corollary 8.9|factors as a lax symmetric monoidal functor through the subcategory Cati™ —
Cat.

Proof. Since v&nr — Alg(Pr) is symmetric monoidal, it suffices to prove that for all V €
Alg(Pr), the category vCat(V) has colimits which follows from [Corollary 6.9} that change-

of-enrichment along morphisms f : V — W in Alg(Pr) preserves colimits which is proven

in [Corollary 6.19) and finally that for V,'W € Alg(Pr) the functor X : vCat(V) x vCat(W) —
vCat(V ® W) induced by the external tensor product preserves colimits in both variables,

which is [I’heorem 8.15| ]
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8.2. Tensor product and univalence.

Proposition 8.17. If VW € Alg(Pr) and F : € — €’ a morphism in vCat(V) and
G : D — D’ a morphism in vCat(W) which are either both surjective on objects or both fully
faithful. Then, so is their external tensor product FRG : CKD — €' KD’ in vCat(V Q@ W).

Moreover, if V € Algpgg, (Pr), o is an n-ary multimorphism in O and F; : ¢; —
Dq,..., F, : C, — D,, are V-enriched functors all of which are either surjective on objects,
or fully faithful, then so is their a-tensor product:

®o¢Fi:®aei—>®aDi.

Proof. Since the internal tensor product is composed from external tensor product and
change-of-enrichment, the second statement follows from the first together with
By symmetric monoidality of X and the fact that surjective-on-objects and fully faithful
functors are closed under composition, it suffices to prove the first statement for G = idyp.
Surjectivity on objects follows since if 0bC — 0bC’ is a surjective map of spaces, then so is
the product 0bC x 0bD — 0bC’ x 0bD.
If F is fully faithful, i.e. induces equivalences on graphs, then so does F' X D since

using it acts as

Homegg((CO,do), (Cl,dl)) ~ HOHle(C(),Cl) ® Hom@(do,dl) E)

PR Home: (Feo, Fer) ® Homop (do, dy ) ~ Homerga (F & D)(co, do), (F B D)(c1,dy)) . O

Warning 8.18. Like [Warning 7.26| if V,'W € Alg(Pr) and € € vCat(V) and D € vCat(W)
are univalent, then their external product € X D € vCat(V ® W) need not be. Consider

as an example € = (C= — P(C)) € Cat(8) for C € Cat and D := (x — x) € Cat(x).
Then, CXD = (C= x * = P(C) ® x) =~ (C~ — ) € vCat(x), which is univalent iff C= is
contractible. This non-preservation of univalence is due to our external tensor product being
defined over Alg(Pr) with its induced monoidal structure from Pr. In §9.2] we will discuss
an external tensor product over Alg(éa\t) with its Cartesian monoidal structure which will
preserve univalence.

Corollary 8.19. The external tensor product induces a unique symmetric monoidal structure
X, on the full subcategory Enr C vEnr of univalent enriched categories for which the
univalization functor u : v€nr — Enr is symmetric monoidal.

Proof. By [Proposition 8.17] both external and internal tensor product preserve the class of
FFS functors, hence they are compatible with the localization u : vCat(V) — Cat(V) in the
sense of [Lurl7, Def. 2.2.1.6]. Our statements then follow from [Lurl?, Prop. 2.2.1.9]. O

Straightening immediately yields the following corollary:
Corollary 8.20. There is a unique lax symmetric monoidal structure on
Cat(—) : (Alg(Pr),®) — (Cat, x)

for which the natural transformation u : vCat(—) = Cat(—) is symmetric monoidal. Moreover,
for V,'W € Alg(Pr) the induced functor

Cat(V) x Cat(W) — Cat(V @ W)

preserves colimits separately in both variables.
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Proof. Since v&nr — Enr is symmetric monoidal, it induces an adjunction v€nr® < Enr®
between the categories of operations and hence by [Lemma A.15 it follows that Enr® —
Alg(Pr)® is a coCartesian fibration. Thus, it follows from |Corollary B( that it straightens to a
lax symmetric monoidal structure on the functor Cat(—) : Alg(Pr) — Cat from
Since v€nr — Enr is symmetric monoidal, and its underlying functor is a map
of coCartesian fibrations by it follows from that it straightens to
a symmetric monoidal natural transformation vCat(—) = Cat(—). By construction, the tensor
product functor is given by Cat(V) x Cat(W) C v€at(V) x vCat(W) — vCat(V @ W) =2
Cat(V®W). Since uy is a left adjoint, preservation of colimits follows from [Theorem 8.15 [

Corollary 8.21. For O an operad and V € Algygg, (Pr) a presentably O ® [E;-monoidal
category, the internal tensor product induces a unique O-monoidal structure on Cat(V) such
that the localization u : vCat(V) — Cat(V) is O-monoidal. This O-monoidal structure is
compatible with colimits.

Definition 8.22. We call the external tensor product on Enr the univalized external tensor
product, and for V € Algogp, (Pr), we call the induced O-monoidal structure on Cat(V) the
univalized internal tensor product.

9. ENRICHING IN SMALL MONOIDAL CATEGORIES

Our treatment of enriched categories in terms of marked modules, as developed above,
is particularly suited for enrichment in presentably monoidal V. We now explain how this
framework allows to handle enrichment in a general small monoidal category.

9.1. Enrichment over small monoidal categories.

Notation 9.1. For V € Alg(Pr) and V5 C V a full subcategory, we denote by
vCat(Vo|V) C vCat(V)

the full subcategory on those valent V-enriched categories whose graphs factor through
Vo € V. Similarly, we denote by Cat(V5|V) the full subcategory of Cat(V) on the univalent
V-categories with graph in V4.

Lemma 9.2. Let C — D be a monoidal functor between monoidal categories and Cy C C a
full subcategory so that Co — C' — D is fully faithful. Let Alg(C)|c, € Alg(C) be the full

subcategory of algebras in C' whose underlying object lies in Cy. Then, the induced functor
Alg(C)|c, — Alg(D)|c, is an equivalence.

Proof. Let CF C C® be the full subcategory on those objects (c1,...,c,) € C® for which
each ¢; € Cy. Then, C§ is an operad and C§ — C® is a fully faithful operad map, cf.
[Lurl7, §2.2.1]. Moreover, the composite C§ — C® — D@ is fully faithful and hence induces
a fully faithful functor Alg(C)|c, ~ Alg(Cy) — Alg(D) with image those algebras in D in
the image of Cj. ]

Corollary 9.3. Let V — W be a morphism in Alg(Pr) and V) C V a full subcategory so
that the composite Vj — V — W is fully faithful. Then, the induced change-of-enrichment
functor vCat(V) — vCat(W) restricts to an equivalence vCat(Vp|V) — vCat(Vy|W) which
restricts to an equivalence Cat(V|V) — Cat(Vo|W).

Proof. Since change-of-enrichment fixes the underlying space of objects, it suffices to prove
that vCatx (V5|V) — vCatx(Vo|W) is an equivalence for any X € 8. Identifying this
functor with the functor Alg(Endy(P(X)®V)) — Alg(Endy, (P(X) ® W)), the result follows
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immediately from Moreover, a € € vCatx (Vo|V) C Alg(End}(P(X) ® V)) is
univalent if and only if the functor &%, : 0b€ — LMode(P(X) ®V)) is a monomorphism. Let

LMode(P(X)®V)|pun(x,ve) denote the full subcategory on those G-modules whose underlying
object lies in Fun(X,Vp) € Fun(X,V) ~ P(X) ® V. Then, XY, factors through this full
subcategory and by assumption, postcomposition with V — W induces a fully faithful functor
LMode(P(X) @ V)|run(x,vp) — LMode(P(X) @ W). Hence XY, is a monomorphism if and
only if its composite X — Py(€C) — Py(C) @y W is. O

Definition 9.4. Given a small monoidal category V' € Alg(Cat), we define the category of
valent, resp. univalent, V -enriched categories as

vCat" (V) = vCat(V|P(V))
Cat™(V) := Cat(V|P(V)).

Remark 9.5. In the superscript N indicates that we consider enrichment
in small monoidal categories V' € Alg(Cat) instead of V € Alg(Pr). This superscript will
ultimately be superfluous: If V € Alg(Pr), we may forget its presentability and consider it as
Ve Alg(@) and consider the category vCat”(V) defined as in by embedding
V into a large-presentable category. In |[Corollary 10.13] we will show that this category
agrees with vCat(V), removing any ambiguity. We nevertheless keep the superscript for
better readability of our arguments in the next two sections.

is independent of the choice of embedding of V' into a presentable category,
the choice of P(V') is merely a matter of convenience.

Corollary 9.6. Let V € Alg(Cat) and V < W be a fully faithful functor into a W € Alg(Pr).
Then, the induced functor P(V) — W induces an equivalence vCat" (V) := vCat(V|P(V)) —
vCat(V|W) which restricts to an equivalence Cat” (V) := Cat(V|P(V)) — Cat(V|W).

Proof. Immediate from O

Remark 9.7. More generally, given a non-symmetric operad O € Op,.,, we may define
vCatP2+(0) := vCat(O|P(Env(0))) where Env(O) is the monoidal envelope of O and
O C Env(0O) C P(Env(0)) the full inclusion of the underlying category (‘of colors’) of O
into the presentably monoidal category P(Env(O)). All following results will have evident
analogs in this more general setting. For brevity of exposition, we will however not develop
this in this paper.

Definition 9.8. Let vE€nrajgeqy € Alg(Cat) X ajgpr) vEnr the full subcategory of the
pullback along the functor P : Alg(Cat) — Alg(Pr) on those P(V)-enriched categories for
V' € Alg(Cat) whose graph factors through V' C P(V). Let Enrajgeqs) denote the full
subcategory of v€nrajg(ear) On the univalent enriched categories.

Lemma 9.9. The univalization functor u : Alg(Cat) X pig(py) vENr — Alg(Cat) X a1g(pr)
Enr pulled back from restricts to a functor between the full subcategories
VENT Alg(cat) — ENTAlg(car) left adjoint to the inclusion.

Proof. It suffices to show that if V' € Alg(Cat) and € € vCat(P(V)) has graph factoring
through V', then so does uC. But by definition 0bC — 0b(uQ) is surjective, so this follows by
applying orthogonality of surjective and fully faithful functors to find a filler for the following



commutative square:

0bC x 0bC — \%4

lsurj j

ob(u) x ob(u€) —— P(V) O

Lemma 9.10. The functor v&€nraigeary — 8 x Alg(Cat) is a two-sided fibration and the
functor Enraigeary — Alg(Cat) is a coCartesian fibration. Moreover, u : vENT Ag(car) —
Enralg(eat) is @ map of coCartesian fibrations over Alg(Cat). In particular, we obtain
straightened functors

vCat” (=) : 8P x Alg(Cat) — Cat
vCat”(—) : Alg(Cat) — Cat
Cat™(—) : Alg(Cat) — Cat.
and a univalization natural transformation vCat” = Cat”.

Proof. Pullbacks of two-sided /coCartesian fibrations remain two-sided /coCartesian fibrations
which together with [Corollary 6.22| and [Corollary 7.27|shows that Alg(Cat) X a1g(pry vENT is
a two-sided fibration and Alg(Cat) X ojg(pr) Enr is a coCartesian fibration. To show that the
full subcategories vENTAlg(eary and Enralg(car) remain two-sided resp. coCartesian fibrations,
and univalization preserves coCartesian morphisms, by it suffices to show
that for f:V — V'’ a monoidal functor the change-of-enrichment f, preserves the property
of a graph factoring through V' which follows from [Construction 2.36] the same holds for

Cartesian transport along a map of spaces g : X — Y by [Observation 6.8 and wu is a relative
left adjoint to the inclusion Enraigear) € vENTAIg(Car)- O

The definition of enriched categories and valent enriched categories in [GH15] gives rise to
functors vCat®™ (—) : Alg(Cat) — Cat and Cat“" (=) : Alg(Cat) — €at, in loc.cit. denoted
by Alg...(—) and Cat(—), respectively. We denote their coCartesian unstraightenings by
UEnrfg(@at) — Alg(Cat) and Snrgg(eat) — Alg(Cat).

Corollary 9.11. There are equivalences of coCartesian fibrations over Alg(Cat):

GH GH
vENT Alg(€at) = VENT {ig(eat) and ENT Alg(Cat) = ENT Kig(Car)

In particular, there are equivalences of functors Alg(Cat) — Cal between
vCat™ (=) ~ vt () and Cat"(—) ~ Cat“H (-) .

Proof. Let vEnrfg(eat) — Alg(€at) denote the coCartesian unstraightening of vCat“* -

Alg(Cat) — Cat and let vEnrfg(@) — Alg(@) denote its large variant allowing for large

monoidal categories but only small spaces of objects. shows that the pullback
along Alg(Pr) — Alg(Cat) induces an equivalence v&€nr ~ Alg(Pr) X Ala(Cat) ig(@) of
coCartesian fibrations over Alg(Pr). Pulling back further along P : Alg(Cat) — Alg(Pr) we
thus obtain an equivalence between Alg(Cat) X a1(pr) vEnr and the pullback of

vEnr

Alg(Cat) 5 Alg(@) — vSnrfg(@)

which classifies the functor v@at“™ (P(—-)) : Alg(Cat) — Cat. From the definition it follows
directly that vCat®" (—) is the full subfunctor of vCat®" (P(-)) on those P(V)-enriched



categories whose graph factors through V' C P(V'). Hence, it follows from [Lurl8al Tag 01VB|
that vEnrgg(eat) is a full subcategory of this pullback and agrees with the full subcategory

of vENrag(eaty € Alg(Cat) X p1g(pr) vEnr from [Definition 9.8
In order to extend this statement to univalent enriched categories, it suffices to note that

in the Gepner-Haugseng picture, € € v@at“? (V) is univalent iff the corresponding P(V)-
enriched category is. This is immediate for instance by the characterization of univalence in
[GHI5, Prop. 5.4.2] as locality with respect to B! — E°. O

9.2. Tensor product for enrichment in small monoidal categories.

Proposition 9.12. There are unique symmetric monoidal structures on v&nrajg(eqar) and
Enralg(eqar)y for which the full inclusions

VENT Atg(car) — Alg(Cat) X arg(pr) vENT EnT alg(car)y — Alg(Cat) X po1g(pr) Enr

from [Definition 9.8| are symmetric monoidal for the symmetric monoidal structures on v€nr
and Enr from [Definition 8.3} [Definition 8.22] Moreover, univalization restricts to a symmetric
monoidal functor

UEnrAlg(Gat) — 8nTAlg(Cat)

and the projections vEnrajgeary — Alg(Cat) and Enrajgieqr) —+ Alg(Cat) are coCartesian
fibrations of operads.

Proof. Since Cat — Pr is symmetric monoidal and CAlg(@) — Cat preserves limits, the
categories Alg(Cat) X p1g(pry vEnr and Alg(Cat) X pjgpry Enr inherit symmetric monoidal
structures from the external tensor product. The monoidal unit B € vCat(8) has graph
factoring through * C P(x) = 8. Moreover, if V,W € Alg(Cat) and C € vCat(P(V)),D €
vCat(P(W)) with graphs factoring through V- C P(V), resp. W C P(W), then CX D €
vCat(P(V) @ P(W)) ~ vCat(P(V x W)) has graph factoring through V- x W C P(V x W)
by Hence, the symmetric monoidal structure on Alg(Cat) X o1(pr) vENT
restricts to the full subcategory vEnraig(ear) and similarly for Enraigear)-

Since univalization v€nr — Enr is a symmetric monoidal localization by
which pulls back to a symmetric monoidal functor Alg(Cat) X pjg(pryvENT — Alg(Cat) X alg(pr)
&nr, it restricts by to a symmetric monoidal functor between the full symmetric
monoidal subcategories vENT Alg(car) = ENTAIg(Cat)-

As by vEnr — Alg(Pr) is a coCartesian fibration of operads, so is the pullback
Alg(Cat) X arg(pry vEnr — Alg(Cat). To show this restricts to a coCartesian fibration
of operads vEnraig(eqr) — Alg(Cat) which we already know is a symmetric monoidal
subcategory, it suffices to show that it is closed under coCartesian transports. This follows
from their description on graphs in [Proposition 6.18|since for f : V' — W in Alg(Cat), the
induced functor P(V)) — P(W) sends representables to representables. An analogous proof
shows the statement for Enraig(car)- O

Corollary 9.13. There are unique lax symmetric monoidal structure on the functors
vCat™ : (Alg(Cat), x) — (Cat, x) Cat” : (Alg(Cat), x) — (Cat, x)

for which the fully faithful natural transformations vCat"(—) = vCat(P(-)) : Alg(Cat) — Cat
and Cat"(—) = Cat(P(—)) are symmetric monoidal, for the lax symmetric monoidal structure

on vCat(P(—)) by [Corollary 8.9/ and on Cat(P(—)) induced by |Corollary 8.20| respectively.

Moreover, the univalization natural transformation vCat” = Cat” inherits a symmetric
monoidal structure.
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Proof. The first statement follows from [Proposition 9.12] after we straighten according to

The second statement follows from [Corollary B.7] since vEnraig(eary —

Enralg(eat) 18 symmetric monoidal by [Proposition 9.12]and a map of coCartesian fibrations

by [Corollary 7.27 O

Definition 9.14. Given an operad O, applying the lax symmetric monoidal structure from

we obtain functors
vCat" (=) : Algpgp, (Cat) = Algy (Algs, (Cat)) — Alg,(€at).

Cat™ (=) : Algog, (Cat) = Alg,(Algy, (Cat)) — Alg(Cat).

For V € Algogg, (Cat), we refer to the induced O-monoidal structure on vCat"(V) and
Cat"(V) as the internal O-monoidal structure.

By definition, this O-monoidal structure on vCat” (V') agrees with the restriction of the
internal O-monoidal structure on vCat(P(V)) from to the full subcategory
vCat" (V) on those P(V)-enriched categories whose graph factors through V C P(V).

We will now show that this restricted symmetric monoidal structure is Cartesian and will
then conclude that under the equivalence from it agrees with the external
tensor product defined in [GH15) [Hau23].

Lemma 9.15. Let C' € Alg(@c‘)“m), i.e. a monoidal category with colimits whose monoidal
product preserves colimits separately in both variables. If C is semiadditive (see [Lurl8bl

Def. C.4.1.6]), the functor RMod_(C) : Alg(C) — Cat preserves finite products.

Proof. For algebras A, B € Alg(C), write A x B € Alg(C) for their product and AXB €
Alg(Cx () for the corresponding algebra in C'xC'. By [Lurl7, [Thm. 4.8.5.16](2), the canonical
functor RModax5(C'xC) — RMod4(C)xRModp(C) is an equivalence. Composed with this
equivalence, the canonical projection RMod 4x 5(C) — RMod 4 (C) x RModg(C) becomes
the composite of left adjoints

RMOdAxB(C) = RMOd(AxB)i(AxB)(C X C) = RMOdAiB(C X C)

Here, the first adjunction is induced by the symmetric monoidal diagonal functor C — C' x C'
with (necessarily lax symmetric monoidal) right adjoint — x — : C'x C' — C, and the second
is given by induction along the algebra map (A x B)X(A x B) — (AxB) induced by the
projections A x B — A and A x B — B. Given M € RMod«p5(C), the unit of the overall
adjunction is the morphism

M — (M ®@axp A) X (M ®@axp B) ~ (M Qaxp (Ax B))~M,

where the second equivalence uses semiadditivity to distribute ® over x. Hence, the
overall left adjoint is fully faithful. We will now conclude by proving that the overall
right adjoint is conservative. Indeed, the overall right adjoint sends M; € RMod4(C) and
My € RModg(C) to the object My x Ms € RModaxp(C). Since RModaxp(C) — C is
conservative, we conclude by noting that the object M7 x My € C' has My and Ms as retracts
by semiadditivity. |

Corollary 9.16. Fixing a space X € 8, the following functors preserve finite products:

(1) The functor vCatx (—) : Alg(Pr) — Cat that is classified by the two-sided fibration

v&€nr — 8 x Alg(Pr) from [Corollary 6.22}
(2) The functor vCat’ (—) : Alg(Cat) — Cat that is classified by the two-sided fibration
VENT Alg(ear) — 8 X Alg(Cat) from [Definition 9.8 and [Lemma 9.10}
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Proof. Using semiadditivity of Pr, implies that Pry x Pryw ~ Pryyw. Moreover,
ifF:P(X)®V— Mand G: P(Y)®W — N are colimit-dominant and internally left adjoint,
so is their product: Indeed, by semiadditivity, it suffices to prove this for the coprodgc\t
which follows from |Observation 3.17| and |Observation 3.44l Thus, Mod _ : Alg(Pr) — Cat
preserves products.

For the second statement, for V, W € Alg(Cat) the canonical projections factor as

vCatx (VX W|P(VxW)) — v€atx (VxW|P(V)xP(W)) — v€atx (V|P(V))xvCat x (W|P(W)) .

Here, the first functor is induced from change-of-enrichment along the morphism P(V' x
W) = P(V) x P(W) in Alg(Pr) induced from the projections V <V x W — W, and the
second functor is induced by the projections (and both functors restrict as indicated to full
subcategories of enriched categories with graphs restricted to the full subcategories V, W and

V x W). By|Corollary 9.3|and statement (1), respectively, both functors are equivalences. O

Theorem 9.17. The external tensor product symmetric monoidal structure on v€nrag(eat)
from [Proposition 9.12]is Cartesian.

Proof. By [Lurl7, Def, 2.4.0.1], it suffices to show that the unit B* € v&nraig(car) is terminal,
and for C,D € vEnraig(eaqr) the induced projections € ~ CX B+ «+~ CXD — BxXD ~D
exhibit C X D as the Cartesian product of € and D.

Terminality of Bx (represented by the marked module x — 8) follows since it lies over the
terminal objects in 8§ and in Alg(Cat) and since the fiber vCat.(*|8) ~ * is contractible.

For products, since vCat’ : Alg(Cat) — Cal preserves products by it
follows from [Hau23, Prop. 3.1] that for X,Y € § and V, W € Alg(Cat) with V := P(V) and
W :=P(W) € Alg(Pr), an object @ € vCatxxy (V x W|P(V x W)) represents the product
of objects € € vCatx (V|V) and D € vCaty (W|W) if and only if (€, D) and @ have the same
image under the functors

vCatx (V|V) x vCaty (WW) — ™) eat vy (VIV) x vCat x xy (WW)
((ﬂv)!,(ﬂw)!ﬁ
vGatXXy(V X W|?(V X W)) = vGatXXy(V X W|V X W)

where the horizontal functor is induced by Cartesian transport along the projections mx :
XxY — X and my : X XY — Y and the right functor arises from coCartesian transport (i.e.
change-of-enrichment) along my :=P(my : VW = V): VW =P(V x W) = P(V) and
mw 1 VW — W. Thus, it suffices to show that the canonical morphism vy (CK D) — 7% €
is an isomorphism in vCatx xy (V|P(V)).

Using that vCatx xy (V|P(V)) = Fun((X xY) x (X xY), P(V)) is conservative, it suffices
to compute the above morphism at the level of graphs. By [Construction 2.36] 7y is given
by postcomposition with 7y, and by 7% by pre-composition with 7.

By |[Observation 8.5 the graph of € X D in P(V) ® P(W) is given by the ‘pure tensor’
& (Home(z,2")) ® X (Homnp(y,y')) and thus the image of (Home(z,2'), Homp(y,y')) €
VxW =PV xW)~PV)®PW). Thus, the graph of v (€ X D) factors through
V C P(V) and is given by Home(x,2’) which agrees with the graph of 7%C. a

Observation 9.18. Since the full inclusion Enraigear) S vENT Al (car) admits a left adjoint,
it preserves limits, so the Cartesian monoidal structure restricts to univalent enriched
categories. This is unlike the presentable case in where we needed to
univalize.
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Notation 9.19. Denote by Mon'® the category of monoidal categories and lax monoidal
functors, constructed as the full subcategory of Op,., on those non-symmetric operads
V& — A°P that are coCartesian fibrations and hence monoidal categories. This contains
Alg(Cat) as the subcategory spanned by all objects and (strong) monoidal functors.

In [Hau23| Cor. 3.2], the external tensor product of enriched categories is defined as the
Cartesian monoidal structure on vSnrl\G/[fnlax — Mon'®*,

Corollary 9.20. Pulling back the external tensor product on vﬁnrﬁfnlax from [Hau23| Cor.

Cor. [@17]
3.2] to Alg(Cat) Xpjoptax VENTGD 1ax Ve
product constructed in [Proposition 9.12]
Proof. In [Hau23, Cor. 3.2|, the external tensor product on vEnryl: .. is defined as the
Cartesian product. Since the subcategory inclusion Alg(Cat) — Mon'™ admits a left adjoint
(the enveloping monoidal category, see Def. A.1.1]) it preserves limits and hence the
Cartesian monoidal structure on USnTﬁfnlax pulls back to a Cartesian monoidal structure

on Alg(Cat) Xyoptax vEnrl\G/Ifnlax which we identify in (Corollary 9.11) with vE€nraigear)- By

the external tensor product therefore agrees with our external tensor product
constructed in |Proposition 9.12] O

vENT A5 (car) agrees with the external tensor

Corollary 9.21. The lax symmetric monoidal structure on v@at“™ (—) : Alg(Cat) — Cat
from Prop. 4.3.11] agrees under the equivalence vCat“? (=) ~ v@at" (=) from
with the lax symmetric monoidal structure on vCat” in
Similarly, the lax symmetric monoidal structure on Cat“ (—) : Alg(Cat) — Cat from
Cor. 5.7.11] agrees under the equivalence Cat“™ (=) ~ €at” (=) from |[Corollary 9.11| with the
lax symmetric monoidal structure on Cat” constructed in [Corollary 9.13|

Proof. The valent statement is immediate from For the univalent statement,
note that univalization v@at“? = GatGH(—) defines a symmetric monoidal natural trans-
formation by a generalization of [GHIH, Prop. 5.7.14]. Since vCat®™ (V) — Cat™ (V) is a
localization for every V' € Alg(Cat), this uniquely determines the lax symmetric monoidal
structure on GatGH(f) which hence by [Corollary 9.11{ and |Corollary 9.13| agrees with the

one on Cat"(—) from |Corollary 9.13] O

Corollary 9.22. In particular, if O is an operad and V € Alg,(Alg(Cat)) a small O ®
E;-monoidal category, then the O-monoidal structures on vCat”(V) and Cat™(V) from

Definition 9.14] agree with the ones defined in Cor. 4.3.12] and Cor. 5.7.12].

10. COMPARING TENSOR PRODUCTS

In we have constructed a lax symmetric monoidal structure on the functor
vCat(—) : Alg(Pr) — Cat. In|Corollary 9.13|we have shown how this induces a lax symmetric

monoidal structure on the small variant vCat” : Alg(Cat) — Cat from [Lemma 9.10] and in
that this lax symmetric monoidal structure agrees with the one constructed in

[Hau23]. In this final section, we will show that our original lax symmetric monoidal
structure on vCat(—) : Alg(Pr) — Cat from :E also agrees with the one constructed in
[GHT15L, [Hau23|]. More precisely, we will prove that restricting a large variant vCat” : (—):
Alg(@) — Cat of the lax symmetric monoidal functor from along the lax
symmetric monoidal functor Alg(Pr) — Alg(@) is equivalent to the lax symmetric monoidal
functor vCat(—) : Alg(Pr) — Cat from
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To do so, we need to develop some universe-hopping.

10.1. Large presheaves and ind completion. Recall that throughout this paper we
work with Grothendieck universes and have fixed from the outset uncountable inaccessible
cardinals 0 < i < N, and call cardinals x small, large and very large if x < D,k < D and
Kk < D, respectively. Replacing N by  throughout, we obtain large variants of the definitions,
constructions and statements in this paper. We follow the convention to denote by a —
the large analogs of categorical constructions. For example, we write Pr for the category of
large-presentable categories: Very large categories that are locally large, admit large colimits,
and can be written as Ind,(C) for x a large regular cardinal and C a large category.

For a presentable category, there are two common ways to produce a large-presentable
category, compare [Kel82] Sections 3.11, 3.12]:

Notation 10.1. We let
fT)(f) = Fun(f(’p,g) : Cat — Pr
denote the large presheaf category.

For C' € Cateolim (the category of large categories admitting small colimits and small-
colimit-preserving functors), we let Indy(C) denote the full subcategory of (7’(\7) on the
functors that preserve small limits. By [Lur09, Prop. 5.3.6.2] this is a relative presheaf
category, universally described as adjoining large colimits in a way preserving small colimits,
and therefore also agrees with the free cocompletion of C' under n-filtered colimits. This
assembles into a functor

Ind, : Caf®™ — Pr.

Example 10.2. By the universal property of (relative) presheaf categories, it follows that
§ = P(%) ~ Indp(P(*)) = Inds(8). Similarly Indn(Set) ~ Set, Inds(8.) ~ 8., Inds(Sp) ~ Sp

and so on.

Lemma 10.3. The following holds:

(1) P Cat — DPris symmetric monoidal. Therefore, the composite Pr — Cat — Pr
(which we will henceforth also denote by ﬁ) is lax symmetric monoidal;

(2) Ind, : Pr— Pr is symmetric monoidal and preserves small colimits, colimit-dominant
functors and fully faithful functors;

(3) For V € Alg(Pr), the induced functor Ind, : Pry — f’}lndn(v) preserves internal left
adjoints;

(4) There is a symmetric monoidal natural transformation between lax symmetric monoidal
functors L : P = Indy : Pr — Pr. For € € Pr the functor L : P(C) — Indn(C) is left
adjoint to the inclusion Inds(C) € P(C).

Proof. Let @mge colim ¢, @S‘nau colim he the inclusion of the category of very large
categories with large colimits into the category of very large categories with small colimits
By [Lur(09, Prop. 5.3.6. 2| it admits a left ad301nt which extends the functor Ind, : Pr — Pr.
But small colimits in Pr, Pr can be computed in Gatsm‘"‘“ colim and Catlarge colim “yespectively,
since by the proof of [Lurl7, Lem. 4.8.4.2] Cateolim C atsmall colim 5 closed under small
colimit Hence they are preserved by Indp : Pr — Pr.

tsmall colim

T fact, Catlim consists of precisely the B-compact objects in Ca and is hence closed under

large colimits.
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Indp preserves fully faithful functors by [Lur09, Prop. 5.3.5.11]. Also given a (small-)colimit-
dominant functor F' : M — N in Pr, then the image of Inds(F) : Indn(M) — Inds(N) contains
Im(F) €N C Indn(N). But since Im(F') generates N under small colimits and N generates
Indn(N) under large colimits, this means Indn(F) is (large-)colimit-dominant in pr.

Since Ind, : Pr — Pr is symmetric monoidal, it induces a functor Pry — PrInd (v) as
claimed. If F: M — N in Pry is internally left adjoint, our first observation is that the
underlying functor of Indy(F) : Indy(M) € Inds(N) is left adjoint to Inds(FR) (which is
well-defined since F® preserves large colimits by assumption). This follows by restricting the
evident adjunction ﬁ)(F ) j’(F R) to small-limit-preserving presheaves. Hence, it suffices to
show that the canonical lax Ind,(V)-linear structure on Indn(F)® ~ Indy(F®) : Inds(N) —
Indn (M) is strong. But we already know this functor preserves large colimits, so we can
reduce to checking its compatibility with the V-tensoring on N where it agrees with FR,

By [Lurl? Rem. 4.8.1.8|, [Lurl?7, Lem. 4.8.4.2], there exists a functor from the poset

[2] — Alg(Pr) establishing the (relative) cocompletion functors

=== ph-—rex

Cat * — eatsmall colim Indn Ca tlarge colim

as symmetric monoidal and their right adjoint subcategory inclusions as lax monoidal.
Restricting to the full subcategories Cat C Cat, Pr C Catsmall colim g dq Py C Cqtlarse colim o
obtain the desired (lax) symmetric monoidal structures on our functors. Moreover, letting
L 2 Cagomall colim _y @at denote the forgetful functor, the counit of the adjunction PP -,
induces a symmetric monoidal transformation
L:Pou~TIndyoP " 0, = Ind, .

For fixed M € Pr, the component Lyt : j’(J\/[) — Indp(M) is a map in 1/3;, namely the unique
large-colimit-preserving extension of M — Indn(M). Hence its right adjoint is the canonical
inclusion Indn(M) — P(M). O

10.2. From presentable enrichment to large-presentable enrichment.

Construction 10.4. The symmetric monoidal inclusion § — $ together with the sym-

metric monoidal functor Ind, : Pr — Pr induce a symmetric monoidal functor from
(8 x Alg(Pr)) xrmod(pr) Arr(RMod(Pr)) X arr(alg(pr)) Alg(Pr) to its large analog. This
functor restricts to a symmetrlc monoidal universe-enlargement-functor

Indn 1 —_

vE&nr ————— vénr

! !

Alg(Pr) 2% Alg(Pr)

between full subcategories, as it sends by internally left adjoint and colimit-
dominant functors to functors satisfying the large versions of these properties respectively.

Proposition 10.5. The induced functor v€nr — (8 x Alg(Pr)) x
of two-sided fibrations over § x Alg(Pr).

(Alg(P)x8) venr is a map

Proof. The functor Ind, : Pr — Pr is symmetric monoidal and preserves small colimits

by [Lemma 10.3{2), so in particular relative tensor products. Since by [Lemma 10.3[(2) it
also preserves the colimit-dominant /fully faithful factorization system, it follows from the

explicit description of coCartesian morphisms over Alg(Pr) in [Example 6.15|and Cartesian
morphisms over 8 in [Observation 6.8/ that Indn is a map of two-sided fibrations. O
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Proposition 10.6. The functor Indpn from [Construction 10.4|induces a symmetric monoidal
natural transformation between lax symmetric monoidal functors:

vCat(—)

S

Alg(Pr) —— Alg(Pr) — Cat
Ind, vCat(—)

For every V € Alg(Pr), the induced functor vCat(V) — @(Indn(\?)) is fully faithful with
image those Indn(V)-enriched categories with small space of objects and whose graph factors
through V C Inds (V).

Proof. By|Proposition 10.5} the functor v€nr — Alg(Pr) xAlg(ﬁ)@’ is a map of coCartesian

fibrations over Alg(Pr). Since the square in [Construction 10.4]is a square of symmetric

monoidal categories, the functor is moreover symmetric monoidal. Hence, by
this functor is a map of coCartesian fibrations of operads and therefore straightens to

a symmetric monoidal natural transformation between lax symmetric monoidal functors
Alg(Pr) — Cat.

We now show that vCat(V) — @(Indn(\?)) is fully faithful. Since this is a map of
Cartesian fibrations over 8, it suffices by [Lurl8al [Tag 01VB| to show that vCatx (V) —
vCat x(Indp(V)) is fully faithful for every fixed X € 8. Being symmetric monoidal, Ind,

sends the left action of Pr on Pry to the left action of Pr on Pry,q,(v) and hence induces as
in [Construction 2.36] an algebra homomorphism between endomorphism algebras

Fun(X°Px X, V) = End}(P(X)®V) < Endq, v)(P(X)®@Inds(V)) = Fun(X°Px X, Inds(V))

whose underlying functor is given by postcomposing with the full inclusion V < Indn(V). In
particular, the induced functor

vCatx (V) = Alg(Endy(P(X) ® V) — Alg(Endk,g, vy (P(X) @ Indg(V))) = v€at x (Inds(V))

is fully faithful. By an analogous argument to [Proposition 6.18] this functor agrees with the
induced map on fibers of v&nr — (8 x Alg(Pr)) vEnr over 8§ x Alg(Pr). O

X &% Alg(Pr)

—

Lemma 10.7. The functor Indn; : v€nr — vEnr preserves fully faithful functors and
surjective-on-objects functors, and univalent enriched categories.

Proof. The first claim follows from [Lemma 10.3| (2) since Ind, : Pr — Pr preserves fully

faithful functors. The second is clear as Indn; does not change the underlying space of
objects. For the last statement, use that the marking of Ind,, € factors through Pv(€) C
Indn (TV(G)) = Tlndn(V)(IHdn,! G) O

—

Construction 10.8. Since Indp) : v€nr — vEnr preserves fully faithful and surjective-

on-objects functors, there is a unique symmetric monoidal functor Indn 1 yniv : Enr — Enr
making the following square of symmetric monoidal categories and symmetric monoidal
functors commute:

vE€nr —— @

Enr —— Enr
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Moreover, denoting the full inclusions Enr C vEnr and E/n\r C @ by ¢, the induced natural
transformation ¢ Indn ) yniv = Indn) ¢ is invertible since Indn preserves univalent categories
and hence factors through the full subcategories Enr C v€nr. In other words, the above
square is vertically right adjointable (or equivalently, defines a map of adjunctions).

Proposition 10.9. |Construction 10.8| induces a square of coCartesian fibrations over
Alg(Pr):

—

vE€nr —— Alg(Pr) X p1g(Pr) vETT

L
Enr —— Alg(Pr) X Alg(PT) Enr

Proof. All corners of the square are coCartesian fibrations over Alg(Pr) by [Proposition 6.14]
and |[Lemma A.15| By [Proposition 10.5| the top horizontal map is a map of coCartesian
fibrations and by the vertical maps are maps of coCartesian fibrations. By the
description of coCartesian morphisms in it follows that the bottom horizontal
map is a map of coCartesian fibrations. |

Corollary 10.10. There is a unique symmetric monoidal natural transformation Cat(—) =

@(Indn(—)) : Alg(Pr) — Cat making the diagram of symmetric monoidal transformations
between lax symmetric monoidal functors commute:

vCat(—) —— vCat(Inda(—))
Cat(—) — Cat(Inds(—))
For every V € Alg(Pr), the induced functor Cat(V) — @(Indn(\?)) is fully faithful with

image those univalent Indn(V)-enriched categories whose underlying space are small and
whose graphs factor through V C Indp(V).

Proof. The first part follows from [Construction 10.8| and [Corollary B.7l For the second
part, since the square in [Construction 10.8| is vertically right adjointable, the functor
Cat(V) — @(Indn(\?)) is a restriction of the functor vCat(V) — @(Indn(\?)) to the
respective full subcategories. Hence, fully faithfulness and characterization of the image
follow from |Proposition 10.6] |

10.3. From large-monoidal enrichment to large-presentable enrichment.

Notation 10.11. Let @small spe(—) ¢ Alg(lg\r) — Cat denote the full subfunctor of v/G;t(—)
on those valent enriched-categories whose underlying space of objects is small.

For V € Alg(@), let Ueatﬁ(V) = @small spC(V@(V)) denote the large analog of
with small spaces of objects.

By the large version of |[Corollary 9.13] the functor vGatﬁ(f) : Alg(@) — Cat has a

unique lax symmetric monoidal structure compatible with the full inclusion into the functor
vCat(P(—)) : Alg(Cat) — Alg(Pr) — Cat.

Corollary 10.12. Composing the (large variant of the) defining fully faithful symmetric

monoidal natural transformations from [Corollary 9.13| with the one from [Lemma 10.3{4)

63



results in a composite symmetric monoidal transformation between lax symmetric monoidal
functors:
v(‘fatﬁ(—)

RN

Alg(Pr) —— Alg(Cat) —2— Alg(Pr) — — Cal -

\M o

Indp

For V € Alg(Pr), the induced functor vCat”® V) — @(Indn (V)) is fully faithful with image
those valent Indn(V)-enriched categories with small space of objects and graph factoring
through V C Indp(V).

Analogously, composing the symmetric monoidal natural transformations (‘fatﬁ(—) =
@(5’(—)) from with the one from M4) results in a symmetric

monoidal natural transformation Cat"(—) = @(Indn(—)) for which Cat™(V) — @(Indn(\?))
is fully faithful with image those univalent Ind,(V)-enriched categories with small space of
objects and graphs factoring through V C Inds(V).

Proof. For V € Alg(Pr), the component of the natural transformation is the functor
vCat (V) := vCatsman spe(VIP(V)) € v€at(P(V)) — vCat(Inda(V))

where the latter functor is change of enrichment along the morphism §(\7) — Indn(V) in

Alg(f’\r). By |Corollary 9.3} it follows that it is fully faithful with the prescribed image. The
same argument applies in the univalent case. O

Corollary 10.13. There is an equivalence between the lax symmetric monoidal functor

from [Corollary 8.9 and the restriction to Alg(Pr) of the one from [Corollary 9.13

vCat(—) : Alg(Pr) — Cat  and Alg(Pr) — Alg(@) vCat() Bat.

In the univalent case, there is an equivalence between the lax symmetric monoidal functor

from and the restriction of the one from

Alg(Pr) ¢ Cal and Alg(Pr) — Alg(é;t) ) Cat.

Proof. In the valent case, by [Proposition 10.6| and [Corollary 10.12] respectively, both are

lax symmetric monoidal subfunctors of @(lndn(—)) : Alg(Pr) — Cat with the same image,
and hence agree. In the univalent case, the same argument applies using [Corollary 10.10| and

O
Let @gﬁu spe Alg(é&\t) — Cat denote the (large variant with small spaces of objects of

the) lax symmetric monoidal functor from [GHI5| Prop. 4.3.11], and let @fm}gu spelAlg(Pr)

Alg(Pr) — Alg(@) — Cat be its restriction along the lax symmetric monoidal functor
Alg(Pr) — Alg(Cat) (also considered in [GHI5, Cor. 4.3.16]). Similarly, let Cat&H

small spc :
Alg(Cat) — Cat denote the (large variant with small spaces of objects of the) lax symmetric
monoidal functor from Cor. 5.7.11] and vCatGH | spelag(pr) @ Alg(Pr) — Alg(Cat) —

Cat denote its restriction to Alg(Pr).
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Corollary 10.14. The lax symmetric monoidal functors v@atsmall spelalger) (=) « Alg(Pr) —

Cat from [GHI5l Prop. 4.3.11] and vCat(—) : Alg(Pr) — Cat from Corollary 8.9| are equiv-
alent. Analogously, the lax symmetric monoidal functors vCat& \ : Alg(Pr) —

small spclAlg(Pr)
Alg((‘fat) — Cat from [GH15l Cor. 4.3.16] and Cat(—) from |Corollary 8.20| are equivalent.
Proof. By |Corollary 10.13| the functor vCat(—) is equivalent to the restriction of the lax

symmetric monoidal functor v€at” (—) along Alg(Pr) — Alg(@at) y |Corollary 9.21} this

lax symmetric monoidal functor vCat"(—) agrees with @hmau spc- Lhe same argument
applies in the univalent case. O

Corollary 10.15. For an operad O and V € Algygp, (Pr), the O-monoidal structure on
vCat(V) from |Corollary 8.10|agrees with the one from [GH15, Cor. 4.3.12] and the O-monoidal
structure on Cat(V) from [Definition 8.22| agrees with the one from [GH15], Cor. 5.7.12].

APPENDIX A. SOME FACTS ABOUT THE GROTHENDIECK CONSTRUCTION

For B € Cat, the Grothendieck construction, also called unstraightening, constructed for
example in [Lur09, §3.2], is a functor Fun(B, Cat) — Cat,p sending an F': B — Cat to a
functor denoted [, F — B.

Reminder A.1. The Grothendieck construction Fun(B,Cat) — Cat,p factors as an
equivalence through the subcategory coCart,p of coCartesian fibrations and maps of
coCartesian fibrations (combine [Lur09, Thm. 3.2.0.1] with [Lur09, Prop. 5.2.4.6], com-
pare also [GHNI7]). Moreover, it follows from [GHNI7, Thm. 4.5] that it has a left
adjoint (E — B) + (b+ E xp By;,) from which it follows that it also has a right adjoint
(E — B) — Fun/B(B/b,E).

We now collect some facts about Cartesian and coCartesian fibrations and the Grothendieck
construction, which we will use in the remainder of the paper.

Lemma A.2. Given a functor p : B — C between categories, the forgetful functor 7 :
C)p — C creates colimits parametrized by weakly contractible categories.

Proof. The functor C,, — C'is a left fibration (i.e. classifies a functor C' — 8 C Cat). It
then follows from [Lur09, Prop. 4.3.1.12] that every weakly contractible diagram in C/,, is a
m-colimit diagram. The claim is now immediate by transitivity of relative colimits [Lur09,
Prop. 4.3.1.5](2). O

Unwinding [Lur09l Prop. 4.3.1.12], follows from the observation that for any
diagram ¢ : L — C',,, the colimit of L — C/,, — C'is equipped with a cone to the colimit over
L of the constant diagram on p. If L is weakly contractible, this colimit over the constant
diagram on p agrees with p and hence the colimit of L — C/, — C' lifts to C/,,.
Proposition A.3. Let B be a category and F : B — Cat.

(1) The composite [, : Fun(B,Cat) — Cat;z — Cat preserves and reflects weakly
contractible limits.
(2) For K any category, there is a canonical equivalence over B

Joep Fun(K, F(b)) ~ B Xpun(k,3) Fun(K, [ F) .

Proof. By |[Reminder A.Ij W’ /s : Fun(B,Cat) — Cat,p is right adjoint and hence limit-
preserving. It is also a subcategory inclusion (onto coCart,p) and the slice projection
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Cat;p — Cat is conservative so both reflect the limits they preserve. Together with

this verifies the first claim.
Finally, use the explicit expression for the left adjoint of unstraightening from|[Reminder AT}
It suffices to show that for any functor £ — B, there is a canonical equivalence

Mapg,(B,eat) (E xp B/_,Fun(K, F—)) ~ Map/B(E, B Xpun(x,5) Fun(K, [g F))
But the right hand side is equivalent to
Map, (K x E, [ F)~ Mappyn(p,eat) (K X E Xp B,_,F)
finishing our proof. ]

Reminder A.4 (JHHLN23, Def. 5.19], [Ste20al Prop. 2.1.9]). Given categories C, D, E € Cat,
a functor p = (p1,p2) : E — C x D is a two-sided fibration if

e py: E — D is a coCartesian fibration,

e p is a map of coCartesian fibrations over D, i.e. p; sends py-coCartesian morphisms
to equivalences in C,

e The functor D — Cat ¢ classified by po factors through coCart ¢, i.e. for all d € D
the fiber p, *(d) — C' is a Cartesian fibration, and for all f : d — d’ the coCartesian
transport fi : py '(d) — py (') preserves Cartesian morphisms over C.

This definition is symmetric in C and D, i.e. p; is also a Cartesian fibration satisfying
analogous properties with respect to ps. Co- and contravariant unstraightening in C' and
D respectively (the order does not matter) by [Ste20al Prop. 2.1.16] induces a subcategory
inclusion

S Fun(C°? x D, Cat) — Cat/cxp
with image spanned by the two-sided fibrations and maps of two-sided fibrations: Morphisms

of coCartesian fibrations over D that restrict to morphisms of Cartesian fibrations over C' on
each fiber.

If all fibers of p are spaces, this agrees with Lurie’s notion of bifibrations in [Lur09,
Def. 2.4.7.2].

Example A.5. The source and target projections assemble into a two-sided fibration
(sre, tgt) : Arr(C) — C x C classifying the mapping space functor Map : C°P x C' — 8 C Cat,
compare [Lur09, Cor. 2.4.7.11|, [Ste20al, Prop. 2.2.4].

Observation A.6. If E — C'x D is a two-sided fibration, then so is the pullback £/ — C’x D’
along functors C’ — C, D’ — D. A map of two-sided fibrations F — E over C x D is fully
faithful (resp. an equivalence) on total spaces if and only if it is so on the fiber over each
(¢,d) € C x D. Both statements follow from the respective statements about (co)Cartesian
fibrations, e.g. [Lurl8al, Tag 01VB].

Lemma A.7. If L: C 2 D : R is an adjunction, then the natural isomorphisms
Mapp, (L(—), —) ~ Map (=, R(-))
assemble into an equivalence of categories over C' x D
C xFun({O}tD) AI‘I‘(D) ~ AI‘I‘(O) xFun({l},C) D.

Proof. By [Example A.5| and [Observation A.6 the functors C' xp Arr(D) — C x D and
Arr(C) x¢ D — C x D are two-sided fibrations classifying Map(L—, —) and Map~(—, R—)
respectively. The natural isomorphism between them (induced e.g. by composing with the
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counit natural transformation LR = id) unstraightens to an equivalence between these
two-sided fibrations. O

Corollary A.8. Given an adjunction L : C = D : R and ¢ € C, the equivalence from
induces an equivalence
DL(c)/ ~ CC/ Xc D =: DC/ .

Proof. Take the fiber over ¢ € C' in the equivalence in O

Observation A.9. It follows from that any adjunction L : C = D : R induces

a functor

D~ Arr(D) xp D ———— Arr(C XCDLem CxDArr(D)

\/

which may informally be thought of as sending d € D to the counit (LRd — d) € Arr(D).
Definition A.10 ([Lurl?, § 7.3.2]). Consider a commutative diagram of categories:

c—F D

N A

A functor F® : D — C is a relative right adjoint to F if it is right adjoint to F, and the
counit F o F® = idp is sent to an isomorphism by g¢.

A functor F¥: D — C is a relative left adjoint to F if it is left adjoint to F and the unit
idp = F o F" is sent to an isomorphism by g¢.

Both conditions imply that also the unit, resp. counit, is sent to an isomorphism by p and
hence that the canonical map p o F® = ¢ and ¢ = p o F" are isomorphisms, respectively.

Observation A.11. In the setting of a relative right/left adjoint of F
induces right/left adjoints of the induced functors Fy, : C, — D; between fibers for every
b € B. Conversely, by [Lurl®, Prop. 7.3.2.6] if p and g are locally coCartesian fibrations and
F preserves locally coCartesian morphisms, and if all F, admit right/left adjoints then these
fiberwise adjoints assemble into a relative right /left adjoint of F.

Example A.12. Given an adjunction L : C =2 D : R with fully faithful left adjoint and
hence invertible unit, the induced commutative diagram

C\\—/ D

exhibits R as a relative right adjoint to L over C. Indeed, for the counit € : LR = idp, the
transformation Re : RLR = R has invertible right inverse nR : R — RLR by invertibility of
the unit 7 : ide¢ — RL.

Observation A.13. Given a relative adjunction as in the induced equiva-
lence C' x p Arr(D) ~ Arr(C) x¢ D from is compatible with the projections

C xp Arr(D) — Arr(D) % Arr(B) & Arr(C) < Arr(C) x¢ D.
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In particular, pulling back along the fully faithful diagonal B < Arr(B) (with image the
invertible arrows) enhances the equivalence from to an equivalence

C xp Arr(D) X amBy B ~ B X () Arr(C) x¢ D.

Lemma A.14. Given an adjunction L : C' 2 D : R such that R is a Cartesian fibration,
then the induced map

D — C xp Arr(D)

from |[Observation A.9|is a relative left adjoint over C.

Proof. Note that R is a Cartesian fibration if and only if the functor Arr(D) — Arr(C) x¢ D
admits a right adjoint. (Explicitly, the right adjoint sends (« : ¢ — Rd) to a Cartesian lift
a*d — d of a.) By construction, the map D — C xp Arr(D) is the composite

D — Arr(D) = Arr(C) x¢ D ~ C xp Arr(D)

where the last map is the equivalence over C x D from Since the first map
admits a right adjoint sending an arrow to its source and the second map admits a right
adjoint since R is a Cartesian fibration, so does the composite. Explicitly, the composite
Arr(C) x¢ D — D — Arr(C) x¢ D sends (a : ¢ = Rd) to (id : Ra*d — Ra*d), and the
counit is given by the commutative square

Ra*d ;) C

| J»

Ra*d R(a*d—d) Rd

In particular, the projection to C' sends the counit to the equivalence Ra*d ~ c. O

Lemma A.15 (c.f. [GHI5, Prop. 5.7.4]). Let p: E — B be a functor and ¢ : E C E a full
subcategory.

(1) If pis a (co)Cartesian fibration and E is closed under (co)Cartesian transport, then
pu: E — Bis a (co)Cartesian fibration. In this case, an arrow in E is pi-(co)Cartesian
if and only if it is p-(co)Cartesian and pi-(co)Cartesian transport agrees with p-
(co)Cartesian transport.

(2) If p is a Cartesian fibration and ¢ admits a relative right adjoint (® over B, then
pL: E — B is also a Cartesian fibration. Given an arrow f:b— 1 in B, the Cartesian
transport of ¢’ € Ey is given by the composite t.® f'e/ — fle’ — ¢/, where f'e’ denotes
the p-Cartesian transport of f. In particular (® preserves Cartesian morphisms.

(3) If p is a coCartesian fibration and ¢ admits a relative left adjoint (* over B, then
pL E — B is also a coCartesian fibration. Given an arrow f:b— b in B, the
coCartesian transport of e € By is given by the composite e — fie — wl fie, where
fre denotes the p-coCartesian transport of f. In particular ™ preserves coCartesian
morphisms.

Proof. The first statement is immediate. For the second statement we need to show that for
any e € E over by € B, the following square is a pullback:

Map (e, Bfle) —— Mapz(ef, €')

l |

MapB(bO, b) _— MapB(bO, b/)
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But the upper left mapping space agrees agrees with Map (e, f'e’) while the upper right
agrees with Map (e, '), so this follows from p-Cartesianity of f. The third statement is
dual to the second. O

Proposition A.16. Let C be a category with a factorization system (L, R) and let Arr"(C)
be the full subcategory of Arr(C) := Fun([1],C) on the morphisms in L. Then, the source
projection Arr™(C) — C' is a Cartesian fibration. If C' admits pushouts, it is also a coCartesian
fibration. A morphism Iy — [; in ArrL(C), represented by a square

c#d

loeLl llleL

s d
e is Cartesian iff ¢ € R;
e is coCartesian iff this square is a pushout square in C.

Proof. Recall that for any category €, the source projection Arr(C) — C is a Cartesian
fibration with Cartesian morphisms given by those squares which induce an equivalence on
the target component and is a coCartesian fibration if € admits pushouts with coCartesian
morphisms given by pushout squares [LurQ9, [Lem. 6.1.1.1]. By [Lur09, Lem. 5.2.8.19], the
full inclusion Arr™(C') — Arr(C) has a right adjoint sending an (a — b) to the left half of its
factorization. Hence, the statement follows directly from O

APPENDIX B. BACKGROUND ON OPERADS

In this section, we briefly recall several statements from the theory of symmetric monoidal
categories and operads.

For a (symmetric) operad O, we write O® — Fin, for its category of operations and write
O := Oy for its underlying category, defined as the fiber over (1) € Fin,. We will sometimes
refer to the objects of O as the colors of O and the morphisms covering the terminal map
(n) — (1) in Fin, as the n-ary multimorphisms or n-ary operations.

For an operad O, an O-monoidal category is an O-algebra in Cat with its Cartesian
monoidal structure. By [Lurl7, Prop. 2.1.2.12], this is equivalent to the unstraightened
datum of a coCartesian fibration of operads M® — O®, and by [Lurl7, Prop. 2.4.2.5| further
equivalent to an O-monoid object in Cat, i.e. a functor O® — Cat satisfying appropriate
Segal conditions. An O-monoidal category is compatible with colimits if all o € O, the
associated categories have colimits and if for all n-ary multimorphisms in O, the associated
functors preserve colimits in each variable separately.

An important special case is the notion of a symmetric monoidal category: If C' is a category
with products, a commutative monoid in C is a functor M : Fin, — C satisfying the Segal
conditions: M ((0)) is terminal and the projections induce equivalences M ({n)) — M ((1))*™.
Denote the full subcategory of commutative monoids by CMon(C) C Fun(Fin,,C). A
symmetric monoidal category is an object in CMon(Cat) ~ CAlg(Cat).

If C has colimits, the full inclusion CMon(C') — Fun(Fin,, C) admits a left adjoint and
the Day convolution symmetric monoidal structure on Fun(Fin, C') induced by the smash
product on Fin, is compatible with this localization, i.e. induces a unique symmetric monoidal
structure on CMon(C'), henceforth referred to as the tensor product of commutative monoids
for which the localization Fun(Fin,, C) — CMon(C) is symmetric monoidal. By construction,
it follows that the left adjoint C' — CMon(C') of the forgetful functor is symmetric monoidal
for the Cartesian monoidal structure on C.
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By [Lurl7, Prop. 2.2.4.9|, the subcategory inclusion CMon(Cat) — Op admits a left
adjoint Env : Op — CMon(Cat), the enveloping symmetric monoidal category.

Reminder B.1. Using [HK24], it is shown in [BS22, Lem. 2.1.3] that this left adjoint
Env : Op — CMon(Cat) is a monomorphism in @, i.e. it exhibits Op as a subcategory of
CMon(Cat) (explicitly described in [BS22]). By [BS23]|, the tensor product of commutative
monoids on CMon(Cat) restricts to a unique symmetric monoidal structure on Op for which
Env is symmetric monoidal. We refer to this symmetric monoidal structure on Op as the
Boardman-Vogt tensor product. As shown in [BS23] Thm. E], the tensor product functor
—®—: Op x Op — Op agrees with the one constructed model dependently in [Lurl7, |§ 2.2.5|.
It follows from [Lurl7, Const. 3.2.4.1, Prop. 3.2.4.3] that the Boardman-Vogt tensor product
is a closed symmetric monoidal structure with inner hom between operads O and P given by
an operad Alg,(P) whose underlying category is the category of O-algebras in P. Explicitly,
this means that Alg,(P) is equipped with a map of operads ev : O ® Alg,(P) — P inducing
an equivalence
Mapop(K, Alg,(P)) ~ Mapop(K ® O, P)

for any operad K € Op.

Lemma B.2. Let V € CMon(Cat). Then, the functor Alg_ (V) : Op°® — Op factors through
the subcategory CMon(Cat). In other words, for any operad O the operad Alg, (V) is in
fact a symmetric monoidal category and for all operad maps O — P, the induced operad
map Algp (V) — Alg, (V) is a symmetric monoidal functor.

Proof. Using the adjunction Op = CMon(Cat) and the fact that the left adjoint Env : Op —
CMon(Cat) is symmetric monoidal, it follows that Alg, (V) agrees with the underlying
operad of the inner hom in CMon(Cat) between Env(O) and V. O

It follows from that if V is a symmetric monoidal category, O is an operad
and o € O a color, then the restriction functor ev, : Alg, (V) — V is symmetric monoidal.
Hence, we sometimes refer to the symmetric monoidal structure on Alg, (V') as the pointwise
tensor product.

Example B.3. By [Lurl7, Rmk. 2.1.4.10], the functor (—) : Op — Cat sending an operad
to its underlying category admits a fully faithful left adjoint Freep, : Cat — Op sending a
category C to the operad whose underlying category is C' and which has no n-ary operations

for n # 1. Hence, the composite Cat Fﬂp Op — CMon(Cat) is left adjoint to the forgetful
functor, i.e. agrees with the free commutative monoid functor and hence is symmetric
monoidal. Since Op — CMon(Cat) is a subcategory inclusion, it induces a symmetric
monoidal structure on Freeg, : Cat — Op.

This implies that for an operad O and category K, the category Fun(K, Q) is the
underlying category of an operad (namely of Algp..,, (x)(0)). In particular, for a symmetric
monoidal category V', Fun(K, V') inherits a pointwise symmetric monoidal structure for which
Fun(K,V) — V is symmetric monoidal. Explicitly, if V' is represented by a commutative
monoid object V(—) : Fin, — Cat, then the symmetric monoidal structure on Fun(K, V) is
given by the commutative monoid object Fun(K,V(-)) : Fin, — Cat.

Observation B.4. For V' a symmetric monoidal category, the (by symmetric
monoidal functor RMod(V) = Algri, 1 ass(V) = V x Alg(V) obtained by restricting along
the map of operads TrivU Ass — RMod(V) admits a symmetric monoidal left adjoint
Free : V x Alg(V) — RMod (V).
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Indeed, by [Lurl®, Cor. 4.2.4.4], it admits a left adjoint which sends a pair (C, A) to
C ® A regarded as a right A-module; it follows that the oplax monoidal structure induced by
the symmetric monoidal structure on RMod(V) — V x Alg(V) from is indeed
strongly monoidal.

Notation B.5. A lax symmetric monoidal functor C — D between symmetric monoidal
categories is an operad map C' — D. We set Fun®**(C, D) := Alg. (D).

Lemma B.6 ([CHN24, Lem. 3.1.1]). For a symmetric monoidal functor F : C — D the
induced functor C® — D® is a coCartesian fibration of operads (in the sense of [Lurl7,
Def. 2.1.2.13]), if and only if the underlying functor C' — D is a coCartesian fibration such
that for every object ¢ € C, the functor ¢ ® — : C' — C' preserves F-coCartesian morphisms.
In this case, a morphism in C® is coCartesian iff it can be written as the composition of
a morphism that is coCartesian over Fin,, and a coCartesian morphism in the fiberwise
fibration C%ﬁ ~ CX — D‘a) ~ D*" over fixed (n) € Fin,.

Given a morphism C' — C” in CMon, p, the induced map C® — C'® preserves coCartesian
morphisms if and only if the underlying functor C' — C” does.

Corollary B.7. If D is a symmetric monoidal category, then unstraightening induces a
monomorphism Fun®*(D, Cat) — CMon /p with image the subcategory with:

e Objects given by those symmetric monoidal functors C' — D for which C® — D® is
a coCartesian fibration, or equivalently for which the underlying functor C' — D is a
coCartesian fibration and for which ¢ ® — preserves coCartesian morphisms for every
ceC

e Morphisms given by those C'— C’ in CMon,p whose underlying functor C' — C’
preserves coCartesian morphisms.

Proof. Combine with [Lurl7, Prop. 2.4.1.7] and [Lurl7 Rem. 2.4.2.6]|. O
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